An action principle for Vasiliev's four-dimensional higher-spin gravity 



Nicolas B 



o u 1 a n 2 e rQ and Per S u n d e 1 fl 



nicolas . boulanger (Sumons . ac . be, per . sundellSumons . ac . be 

Service de Mecanique et Gravitation 
Universite de Mons — UMONS 
20 Place du Pare 
B-7000 Mons, Belgium 

Abstract. We provide Vasiliev's fully nonlinear equations of motion for bosonic gauge fields 
in four spacetime dimensions with an action principle. We first extend Vasiliev's original system 
with differential forms in degrees higher than one. We then derive the resulting duality-extended 
equations of motion from a variational principle based on a generalized Hamiltonian sigma-model 
action. The generalized Hamiltonian contains two types of interaction freedoms: One set of func- 
tions that appears in the Q-structure of the generalized curvatures of the odd forms in the duality- 
extended system; and another set depending on the Lagrange multipliers, encoding a generalized 
Poisson structure, i.e. a set of polyvector fields of ranks two or higher in target space. We find that 
at least one of the two sets of interaction-freedom functions must be Unear in order to ensure gauge 
invariance. We discuss consistent truncations to the minimal Type A and B models (with only even 
spins), spectral flows on-shell and provide boundary conditions on fields and gauge parameters that 
ai^e compatible with the variational principle and that make the duality-extended system equivalent, 
on shell, to Vasiliev's original system. 



*F.R.S.-FNRS Associate Researcher 

^F.R.S.-FNRS Researcher with an Ulysse Incentive Grant for Mobility in Scientific Research 



1 



Contents 



1 Introduction 

2 Duality extension on sliell 4 

2.1 Duality extended bosonic models 4 

2.2 A duality extended spectral flow 

2.3 Consistent trancations 

3 Generalized Hamiltonian action principle 

3.1 Graded cyclic chiral trace 

3.2 Odd-dimensional bulk e 2N) 

3.2.1 Action principle 

3.2.2 Global formulation, boundary conditions and embedding of Vasiliev's original system . . 

3.2.3 Duality extended spectral flow with Lagrange multipliers 

3.2.4 Consistent truncations off shell 

3.3 Even-dimensional bulk (p e 2N + 1) 

4 Discussions 

4. 1 Summary 

4.2 Outlook: AKSZ-BV quantum action and unfolded quantum field theory 

4.3 Conclusions 

A Free differential algebras on non-commutative base manifolds 

B Duality extension 

C Further details: ^-vector fields and Cartan integrability 

D The VasiUev equations 



2 



1 Introduction 



The natural geometric setting for higher-spin gauge theory is unfolded dynamics |[Tl|2l[3l|4l. This formal- 
ism, when applied to field theories with local propagating degrees of freedom, uses exterior differential 
systems with infinitely many zero-forms whose integration constants represent all the local information 
of the on-shell curvatures, usually referred to as the Weyl tensors. An exterior differential system (see 
e.g. m |6l and refs. therein) is an ideal / in the graded ring of locally defined differential foims on a 
smooth manifold M that is closed under the operation of exterior differentiation. An integral manifold of 
a differential system is an immersed submanifold of M on which each form in / restricts to zero. In the 
unfolded language, the latter forms are called generalized curvatures, and the integral manifold becomes 
a classical solution. 

Considering retrospectively the works E |8] |9] [10] [TT], one sees that these formulations of super- 
gravities are examples of unfolded systems, i.e. exterior differential systems with infinite towers of Weyl 
zero-forms, though the locality of supergravity implies that all the dynamic content can be accessed (in 
the metric phase) by only considering the constraints on the forms in strictly positive degrees, thereby 
explaining why the authors of ifTOl |9j [H did not consider the constraints on the generalized one-form 
curvatures for the Weyl tensors. 

There exists a canonical framework for seeking off-shell formulations of unfolded dynamics based on 
generalized Poisson sigma models |[l2l[I3[ll[l3[l6l[l7l[IE[l3l2ai2Dl2a,and|l2^ 
Although originally applied to topological systems, these models can be adapted relatively straightfor- 
wardly to unfolded systems, with their characteristic quasi-topological infinite towers of zero-forms, 
leading to the key physical problem as to whether this class of unfolded deformation quantum field theo- 
ries actually contains standard relativistic quantum fields; see also |[29l [30l [3T| for recent developments. 

In this paper we shall address this issue by using the fully non-linear and background-independent 
Vasiliev equations in four spacetime dimensions lUl [32l [33l . These equations possess an algebraic struc- 
ture that enables us to construct a generalized Hamiltoninan action with nontrivial QP-stmctures, and 
have geometric structures which allows to construct additional boundary deformations. In this paper we 
focus on the bulk part of the Hamitonian action, leaving various deformations on submanifolds to future 
works. In fact, already in Q, such an action principle was proposed, which however did not contain any 
P-structure. 

We wish to stress that, unlike the original Fronsdal programme, which attempts to formulate higher- 
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spin gauge theory off shell in a perturbative expansion around constantly curved spacetime, the work in 
this paper provides a background-independent formulation in terms of master fields living in the corre- 
spondence space, i.e. the local product of a non-commutative phase-spacetime containing the commuta- 
tive spacetime as a Lagrangian submanifold and a non-commutative twistor space. Strictly speaking, the 
Vasiliev system has a huge classical solution space that admits many different perturbative expansions of 
which only some reduce to Fronsdal systems (with cosmological constant). 

2 Duality extension on shell 
2.1 Duality extended bosonic models 

Our starting point is Vasiliev's on-shell formulation of higher-spin gravity in four spacetime dimensions 
||2l[32l[33l based on combining free differential algebra and the twistor map (see Appendix iDl). 

Vasiliev's equations of motion provide a particular example of foiTnulation of a classical field the- 
ory using free differential algebras, sometimes referred to as unfolded dynamics. In general, unfolded 
systems can be extended by adding forms in higher degrees. In particular, if the underlying differential 
algebra contains central and closed elements in degrees {0,2,4,...}, also the structure constants can be 
extended from the real numbers (in degree zero) to general central elements. If this extension is nontriv- 
ial, that is, if it cannot be removed by a field redefinition, then we refer to the resulting extended system 
as a duality extension of the original system. The duality-extended system contains the original system as 
a consistent subsystem, and this subsystem sources the duality-extended sector via nontrivial couplings 
involving central elements of positive degrees (see Appendix IB] for a more detailed discussion). 

Vasiliev's equations can be extended adding forms in higher degrees as follows: 

A = Yl \] ' ^ = E ' (2.1) 

p=l,3,... p=0,2,... 

where A^p^ and B^p^ are locally defined differential forms of total degree p belonging to the algebra of 
bosonic forms with generic elements 

oo 

f = Yl fiPii^^^ dx^-^ ^) ' (2-2) 

p=0 

/[p] iXdX'' ; XdZ^) = A^'/[p] (dX^ ; dZ^) , (2.3) 
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for complex parameters A (we suppress the irrelevant variables whenever ambiguities cannot arise), 
where X^^ are. commuting coordinates, {Y—, Z—) = {y°', y°^]z°^,z'^) are non-commutative twistor-space 
coordinates and k and k are outer Kleinians obeying 

k-k f = 7r(/)*A;, ki,f = Tt{f)i<k, k-kk = 1 = k-kk , (2.4) 

with automorphisms vr and 7f defined by nd = dir , ltd = dit and 

7f(/(z-,z";y",r)) = • (2-5) 

The bosonic projection condition amounts to 

vrvf(/) = /, f = P+^f, P± := i(l±fc*fc), (2.6) 



which impMes 

/ 



dX; Z, dZ; Y) + f^~\X, dX; Z, dZ; Y) * it±^ 



(2.7) 



The bosonic projection removes all component fields associated with the unfolding of spinorial degrees 
of freedom in spacetime. Iixeducible minimal bosonic models can be obtained by imposing reality con- 
ditions and discrete symmetries that remove all odd spins; the hermitian conjugation f and the relevant 
anti-automorphism r are defined by d{{-)^) = (d(-))"^ , dr = rd and 

{fiz",z'';y^,r;k,k))^ = Kz'',z^;r,y";k,k), (2.8) 
r(/(^",r;y",r;^J)) = f{-iz'',-iz'';iy'',iy'';k,k))), (2-9) 

= r(4]*4,])t = (-i)ppV(4,])*r(/[,]). (2.10) 

We shall discuss the minimal models below. 

The duality extension of the Vasiliev system is based on the following generalized curvature con- 
straints 

F + ^ = 0, DB = 0, (2.11) 
with Yang-Mills-like curvature and covariant derivative defined by 

F = dA + A*A, DB = dB + A*B - BirA , (2.12) 



and interaction freedom {1,1 = 1,2) 

^ = ^i{B)^ J[^2] + ^AB) * 4] + ^lAB) * J[i| (2. 13) 
featuring the central elements 

(4])^=i-2 = - fc'^) *P+*d^z , (4])/=i,2 = - iil,~kK) *P+*d^z , (2.14) 

J[J\ = ~ i-^pl-^p] ' (2-15) 

and ★-functions ^j, and of B such that ^/(A) , ^j{X) and ^^//(A) (/, / = 1,2), viewed as 
functions of a single complex variable A € C , are complex analytic in a finite neighborhood of A = . 

The unfolded equations (12.1 II ) are Cartan integrable because the Yang-Mills-like Bianchi identities 
DF = and DDE = [F, B]^, are compatible with the generalized curvature constraints. In other words, 
defining the generalized curvatures 

^^ = F + ^, = DB , (2.16) 

one has the generalized Bianchi identities 

D^^ - {^^ds) ★ ^ = , D^^ - [^^, B]^ = (2.17) 

The potentials {^[i], i?[2]5 ^[3]i -B[4], . . . } in positive form degree share one and the same Weyl zero- 
form i?[o] , that hence contain all the local perturbative degrees of freedom of the extended system. 
One may refer to {-B[o] , ^[i] , ^[2] ) ^[3] ) ^[4] , • • • } as a duality extension of the original Vasiliev system 
consisting of {i3[o] , ^[1] } in the sense that the presence of the central elements in degree four implies that 
{i?[2] , ^[3] , S[4] , . . . } cannot in general be set equal to zero on shell. Moreover, the extension is massless 
in the sense that for each p G {1,2,3,...} the system of forms with degrees p' ^ p constitutes a closed 
subsystem, i.e. their curvatures do not depend on the forms with degrees p' > p.ln paiticulai^, this means 
that any (locally defined) exact solution to the duality extended system contains a (locally defined) exact 
solution to the original VasiUev system. The converse statement requires a more careful analysis that we 
defer here. 

2.2 A duality extended spectral flow 

The duality extended system possesses a spectral flow ll34l describing the evolution of the system on 
shell under changes in a vacuum expectation value v and a coupling g defined by the field redefinition 

B = ul + gB' . (2.18) 
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We stress that the parameters [g, v) are part of the moduh space of the unfolded equations of motion, 
that is, both A and B depend on {g, v) on shell and in such a way that d commutes with {dg, dy) . Letting 
/ = /(A, dA, B, dB) and defining the flow operator 

Lif = dgf-fiiB'*duf-dyf*fi2B', ^n,/UiGC, ^ii + fi2 = l, (2.19) 

one has 

LiF = DLiA + fiiDB' i^duA- H2duAi,DB' , (2.20) 

LiDB = DLiB + [LiA,B]^ + fiiDB*duB' + fX2dyB'*DB , (2.21) 

Li^ = {LiBdn)*^- (2.22) 
It follows that the duality extended equations of motion are compatible with the flow equations 

LiA « , LiB PS , (2.23) 

where the last flow equation is equivalent to that LiB' ^ . 
The flow equations generalize as follows: one first redefines 

B = u + .r{B') , ,jY = vxgB' + V29^B'*'^ + u^g^B'*^ + • • ■ , (2.24) 

where {k ^ 1) are constants and g the coupling. The flow operator defined by 

Lf = dgf - ^i{B') * d,f - duf * ^2{B') , (2.25) 

where the two *-f unctions defined by (i = 1, 2) 

-^i = g B' + fii^2 g'^ B'*^ + . . . , /ii,fc + /i2,fc = kuk (k^l); (2.26) 

obey 

= (LBOb)*^, (2.27) 

LB = uiLB' + U2g^{LB' i.B' + B' i.LB') + --- , (2.28) 

LF = DLA + DJ^x * dyA - dyA ★ L>^2 , (2.29) 

LDB' = DLB' + [LA, B% + D^i * d^B' + d^B' * D.^2 , (2.30) 



and it follows that one can set the constraints 

LA = , LB' = 0, (2.31) 

where the latter constraint thus implies that LB = . One can redefine ^ = gB' so that ui = 1 and 
i/fc = for > 1, leaving the freedom in that generalizes the two-pai^ameter freedom in having fii 
and /i2 ■ 

2.3 Consistent truncations 

There are two possible reality conditions leading to models with negative cosmological constant A < , 
that we parameterize using = ±1 as follows: 

{A[p])^ = -{e^f-^A^p], (5[p])t = (eM)i5[p] , (2.32) 

i^jiX))^ = ^j(At) , ^,j(A))t = 6M^^j(At) . (2.33) 
Moreover, using the map 

TTfc : {k,k) ^ i-k,-k), (2.34) 

there are two possible projections to models without topological (adjoint) zero-forms, that we parame- 
terize using efc = ±1 as follows: 

TTk{Aip]) = (efc) , vrfc(S[p]) = - (efc)§S[p] , (2.35) 

^K-A) = (-l)'+^^/(A) , ^,f(-A) = {-lY+^ek^jjiX) . (2.36) 
Using the parity transformation P defined by Pd = dP and 

P{f{X^;z",z'';y^,r;k,k)) = {Pf){X^;-z'',-z^;r,y^;~k,k), (2.37) 

which is an automorphism of the ★-product algebra and where Pf is expanded in terms of parity reversed 
component fields, there are four ways of fixing parities, that we pai^ameterize using e, e = ±1 as follows: 

P(^[p]) = (6e)^yl[p] , = (6)^(6)ii?[,] , (2.38) 

^j(A) = ^j{eX) , = e~e^jj{e\) . (2.39) 

Finally, the r-projection to the minimal models with only even propagating spins reads 

r(yl[p]) = {-lY-^A^p^ , T{B[p]) = , (2.40) 
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which is the unique choice since t( Jjp]) = (—1) 2 Jj^j (and there is no condition on 

In the (i3[o],^[i]) -sector, which forms a closed subsystem, the assignement of /c -parity combined 
with the freedom in redefining can be used to replace Q 

(^1,^2; =^1,^2) ^ (o,(i-^ir(-^)*^2;o,(i-^ir(-^)^^2)- (2.41) 

Imposing also reality and parity conditions, of which the latter is a multiple choice parametrized by 
e = ±1 , the remaining interaction function (1 — * ,^2 becomes real and odd, hence defining 

the new master field 

:= (1 - *jr2*A;*P+ , (2.42) 

obeying the twisted reality condition (<l>)^ = 7r(<I>) and the parity condition P{^) = e<l> leading to a 
physical scalar that is even under parity for e = 1 and odd under parity for e = —1. Finally, one may 
project out the odd spins by imposing t($) = 7r(<l>) yielding the minimal bosonic models. 
Assuming linear interaction functions 

^i = biB , ^j = bjB , ^jj = ciiB , (2.43) 

and defining a total central element 

J = J[2] + J[4] (2.44) 

via 

B * J[2] = ^7 * J[^2] + ^/ * J[2] > B ^ J[4] = ^jj * , (2.45) 

J[2] = - ^ [dz'^{bi + 62 A: k) + dz'^{bi + 63 k) ] * P+ , (2.46) 

J[4] = — ^ dz^(iz^(cii + C21 A; K + C12 ^ + C22 kk) -k P+ , (2.47) 
the reality, fc-paiity and P-parity conditions imply 

(-^bl)^ = -(eK)'^J[p], ^fc(-f[p]) = -{ek)'^J[p], P{J\p\) = (e)i(e)Vj[pj , (2.48) 

which constrain the parameters (6/, 6j, Cjj) . These conditions admit nontrivial solutions for J[p] for all 
combinations of signs except for = e = — 1 since efc = — 1 implies that e = +1 . 
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3 Generalized Hamiltonian action principle 



3.1 Graded cyclic chiral trace 

Vasiliev's equations are formulated in terms of master fields wfiicii one may think of as functions on a 
total space called correspondance space £ , that is locally a product space x 3 x 2) where 3 and 2) 
are two copies of a non-commutative twistor space and denotes a coordinate chart of a commuting 
base manifold M , see Appendix ID] for more details. In order to build an action principle, we need to 
integrate over the correspondance space. The integration over £ of a globally defined {p + l)-form ^ is 
defined by 

where denotes a symbol of ^ and the chiral trace operation is defined by 

cfy(fyf[m;2,'2]\k=0=k 



(3.1) 



Tr[/] 

using the decomposition /[p] = 



E 



m + q + q - 
q,q^2 



(27r)2 (27r) 

p /[m;g,g] with 



(3.2) 



(3.3) 



and with integration domain consisting of real contours for and respectively, that 

is, one performs separate integrations over the holomorphic and anti-holomorphic variables treated as 
independent real variables (for related discussions, see e.g. Appendix G of |[35l ). The choice of the 
chiral integration domain (instead of the complex integration domain) implies that 



TV[vr(/)] = Tr[^(/)] = Tr [/] 



(3.4) 



which in its turn implies graded cycUcity, 



Tr 



as can seen by expanding /[p] = + /^^^ ' -k k) -k P+ idem f^^,^ which yields 



Tr 



flp] * fip'] 



1. 



-Tr 



(-) 



f'(-)^ 



(3.5) 



(3.6) 



where the second term is graded cyclic by virtue of the chiral integration. Furthermore, the chiral trace 
operation commutes to hermitian conjugation and is invariant under P and vTfc , 



(T^^[/])^ = Trr(/)t 



Tr[P(/)] = Tr[/] , Tr[^fc(/)] = Tr [/] . 



(3.7) 
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Finally, one may seek to impose boundary conditions in 3 x 2) such that the integration contours can be 
rotated from real to imaginary axes in the sense that 

Tr[T(/)] = Tr[/] . (3.8) 

We shall finally assume that the integration over <t is non-degenerate such that if Tr [/ ★ = for all / 
then (ji = . It is an interesting open problem to understand whether the vr, P and r symmetries could be 
violated on classical observables evaluated on exact solutions that one may seek to interpret as describing 
topology changes of the twistor space which we leave for future studies ll36l . In what follows, we shall 
always assume that the discrete symmetries hold off shell. 

3.2 Odd-dimensional bulk ip e 2N) 
3.2.1 Action principle 

In the case of an odd-dimensional base manifold of dimension p+1 = 2n+5 with n € {0, 1, 2, ... } such 
that dim(M) = 2n + 1 , the duality-extended system equations of motion follows from the variational 
principle based on the generalized Hamiltonian bulk action 



Stii,[{A,B,U,V}^] = V / Tt\u*DB + V*(f + ^{B,U;J',J',J'') 



(3.9) 



with interaction freedom ^ and locally defined master fields decomposing under total form degree into 

A = + A[3] + • • • + ^[2„_l] , B = Blo] + 5[2] + • • • + 5[2n-2] , (3.10) 

U = f/[2] + f/[4] + • • • + f/[2n] , ^ = ^1] + ^[3] + • • • + ^[2n~l] • (3.1 1) 

The function must be constrained in order for the action to be gauge invariant and in order to avoid 
systems that are trivial. In what follows, we shall consider the special case 

= ^{B; J^^) + W{U; J^, J^^~) , (3.12) 

^ = ^i{B)*jf2]+^j{B)*j[^^+^jj{B)*j(/^, (3.13) 
F = ^(C/) + =^([/)*4]+=^-(f/)*4]+=^j(i7)*jf4[, (3.14) 

where du-^o\u=o must vanish (since else the bulk action can be brought to the trivial form with ^ = U 
modulo a total derivative). 
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Denoting = {A, B,U,V) , the general variation of the action defines generaUzed curvatures 
as follows: 

55 = V / Tr * 6Z^ffij] + V / Tt[U ir5B -V ir6A] , (3.15) 
where one thus has 

= F + ^ + ^, J^g^ = DB + {Vdu)*^ , (3.16) 

= DU -{Vds)^^ , = DV+[B,U]^, (3.17) 

with iffij being a constant non-degenerate matrix (defining a symplectic form of degree p + 2 on the 

N-graded target space of the bulk theory). Treating and dZ"^ as independent variables, one has the 
differential identities 

D^'^-{^^dB)*^-{^^du)*^ = (3.18) 

D^^ -[^^,Bl- i^^du)*^- i^^du)*{Vdu)*^ = , (3.19) 

D^^ -[^^,U]^ + iSg^dB)*^^ + i^^dB)*{VdB)*^ = , (3.20) 

D^^ -[^^,V]^-[^^,U]^ + [^^,Bl = i/^, (3.21) 

with dZ* -independent quantities = £/'^{Z^) given by 

= -({Vdu)*^)dB*^ + {{VdB)*,^)du*^, (3.22) 

= {{VdB)*,^)du*{Vdu)*^, (3.23) 

= {{Vdu)*W)dB*{VdB)^^ , (3.24) 

= 0, (3.25) 

where the last identity follows from 

[U, {Vdu) ^W\,= - [y, , [B, {VOb) = - [V, . (3.26) 

The quantities ^/^ thus represent obstructions to generalized Bianchi identities off shell and hence to 
Cartan integrability of the unfolded equations of motion , where in this Section we use weak 



12 



equalities for equations that hold on shell. These obstructions vanish identically (without further alge- 
braic constraints on Z*) in at least the following two cases: 

biUnear Q-structure : ^ = B -k J , J = J[2] + J[4:] ^ (3.27) 
bilinear P-structure : ^ = U -k J' , J' = J^j + J[4] , (3.28) 

where the central elements are expanded as in Eqs. (12.44 I i- (I2.47I ). 

At this stage it is useful to recall (see Appendix O that if 1%^ = dZ"^ + JS^{Z^) defines a set of 
generalized curvatures, then one has the following three equivalent statements: i) ^* obey a set of 
generalized Bianchi identities — {3^^dj) -k = {); ii) ^* transform into each other under Cartan 
gauge transformations J^Z* = de' — {s^dj) * ^* ; and iii) the quantity ^ := £2'^di is a Q-stmcture, 
i.e. a nilpotent vector field of degree one in target space, viz. ^ * =S* = 0. Furthermore, in the 
case of differential algebras on commutative base manifolds, one can show that if are defined via a 
variational principle as in (13.151 ) (with constant then the action S remains invariant under J^Z' . 

In the two Cartan integrable cases at hand, one thus has the on-shell Cartan gauge transformations 



5,^r,A = De^-{e^dB)*-^-{r]^du)*^, (3.29) 

6,,rjB = De^ -[e^,Bl-{7]^du)*^-{v^du)*{Vdu)*^, (3.30) 

5,,r^U = Dr]^ -[e'^,Ul + ir]^dB)*^ + {e^dB)*{VdB)*^ , (3.31) 

6,,^V = Dr]^ -[e^,Vl-[e'',U]. + [r]^,Bl. (3.32) 

These transformations remain symmetries off shell as can be seen using the following set of identities: 

bilinear P-structure : Tr [ J' * F ★ (VOb) ★ (e ^Ob) * ^] = , (3.33) 

Tr[Vi.{DBdB)*{e^dB)*<^ + DBi.{VdB)*{e^dB)*^] = 0, 

Tt[7]^ i.{DBdB)i^^ - DBi.{rj^dB)*^] =0, (3.34) 

bilinear Q-structure : Tr J *V * (Vdu) * {v^ du) * ^ = 0, (3.35) 

Tr ★ {DUdu) ★ iv ^du) * ^+ DU * {Vdu) * (r? ^du) = , 

TtL^ i.{DUdu)*^- DUi.{r]^du)*^ =0. (3.36) 
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More precisely, the {e^; e ^)-symmetries leave the Lagrangian invariant while the [rj^ , ^) -symmetries 



transform the Lagrangian into a nontrivial total derivative, viz- 

6,^^^ = d {Tr [rj^ * J^u + * -^v]) , 



(3.37) 



for {Jtij,J€v) that are not identically zero. It follows that the Cartan gauge algebra g is of the form 

g = 01 (± fl2 

with gi = span{e'^,e^} and Q2 — span{r/^, r/^} , as one can verify explicitly using the formulae 
(IC.15I ) given in Appendix O 

3.2.2 Global formulation, boundary conditions and embedding of Vasiliev's original system 

Exponentiation of the infinitesimal Cartan gauge transformations leads to locally defined gauge orbits 
consisting of elements (see Appendix lAl) 



d 



(3.38) 
(3.39) 



where A* and Zq, respectively, are gauge functions and representatives of the orbits defined in coordinate 
charts of the base manifold. On shell, one has 



dz'o + ^\zi) ^ 



X,dX;Zo) 



0, 



(3.40) 



as can be seen by first writing d ?a y^x — ^ where ,5^ dx '■= dX^d/dX^ and ^ := J3^d/dZ^, and then 



usmg 



dX 



X4X;Z 



Oand 



exp^ 



exp^ ^ 



for ^-vector fields and ^-functions ^ and (see Appendix O for details). 

In particular, it follows that the space of (locally defined) classical solutions to the duality extended 
{A, B; U, y)-system contains a subspace of (locally defined) classical solutions to the duality extended 
{A, i?)-system, obtained simply by setting U = V = 0. The {A, i3)-system contains in its turn a subset 
of the (locally defined) solutions to the original Vasiliev system in form degrees and 1. The converse 
issue, whether any given (locally defined) exact solution to the original Vasiliev system can be uplifted 
to the {A, i?)-system, requires, however, a more careful analysis of the gauge orbits in degrees greater 
than 1 (due to the non-polynomial dependencies on the integration constants for the Weyl zero-form and 
the zero-form gauge functions). 
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Turning to the global formulation, it follows from Eq. (13.371 ) that the gauge parameters (e^, e^) G gi 
can be locally defined on M, that is, defined independently on the coordinate charts (provided that 
the action is not perturbed by impurities that break some of the (e"^, e^) -symmetries, as for example in 
the soldered phase where perturbations break the local translations in e^^t^). From Eq. (13.371 ) it also 
follows that € 02 need to be defined globally on M, that is, (r?^,??^)!^ and must 

be related by transition functions across the chart boundary between and M^i (in practice this means 
that one may take [r]^ , rj^) to have compact support in M^). 

The unbroken phase of the theory thus consists of local representatives Z| = (^4, B;U,V) |^ defined 
up to gauge transfomiations with parameters (e^;e^) that ai^e unrestricted on dM^ and parameters 
{rj^ ,r]^) with the aforementioned restrictions on dM^, with transitions of the form 

Zi = * defined on n M^/ . (3.41) 

where ^1 = exp £^x.zf^ with gauge functions A| G gi defined on n M^/ . 

More generally, softly broken (homotopy) phases of the theory arise by taking the transition functions 
to be generated by various unbroken subalgebras t C g^- Their moduli spaces can be coordinatized 
by classical observables that are manifestly t-invariant off shell and diffeomorphism invariant on shell 
(one may thus think the unbroken phase as the smallest homotopy phase for a given base manifold; 
it can be embedded into various broken phases). Of particular interest is the soldered phase in which the 
action is perturbed as to softly break the gauge symmetries associated to the vr-odd projection of A^i]. 
The unbroken gauge algebra in this case thus consists of the vr-even projection |(1 + 7r)e"^W together 
with the remaining e-parameters of positive form degree. 

Hence, to achieve a globally well-defined variational principle, one considers globally defined field 
configurations off shell consisting of locally defined representatives Z| related on chart boundaries via 
transitions (I3.411 i for a given structure algebra t C g^ . The manifest gi-invariance implies that in the 
general variation (I3.151 l. the contributions from two adjacent boundaries dM^ and dM^/ cancel; on such 
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a boundary one has the transition functions (e = ) 

5,{5A) = -[e^,5A],-{5BdB)*{e''dB)*^ , (3.42) 

5,{5B) = -[e^,5i?]^ + {e^,MK, (3.43) 

5,U = -[e^,U], + {e''dB)^{VdB)^^ , (3.44) 

5,V = -[e^,y].-[e^,C/]. , (3.45) 

which implies that (e = ) 

sA [ Tt[U ^5B -V i.5A]\ (3.46) 
\JaMf: J 

= [ Ti[Vi<{5BdB)*{e^dB)*^^ -SBi.{VdB)*ie^dB)*^^] =0. (3.47) 

One is thus left with contributions from true boundaries dM^ C dM (including boundaries of homotopy 
cylinders surrounding impurities of co-dimension greater than one). It follows that the natural boundary 
conditions compatible with the locally defined gauge symmetries are the Dirichlet conditions 

{U,V)\9M = 0. (3.48) 

In summary, a classical solution can thus be specified by fixing i) the transition functions; ii) an initial 
datum for the zero-form i?[o] , say 

B[0]\p = C{Y;k,~k) , (3.49) 

at some given point p G *B in the base manifold; iii) boundary conditions on the gauge functions A 
associated to the softly broken gauge symmetries, viz. 

X\aM for A G 0i/t ; (3.50) 

and iv) the boundary conditions (13.481 ) on the Lagrange multipliers. 

3.2.3 Duality extended spectral flow with Lagrange multipliers 

The equations of motion ^* f« of the extended Lagrangian system = {A, B; U, V) with bilinear 
P and Q structures (i.e. linear- ^ and ^ functions) ai^e compatible with the extended flow equations 
LiA LiB (or equivalently LiB' 0) and 

LiU « fiiV * (d^A) - fM2{d^A) * V , LiV « fMiV * (duB') + ^i2iduB') * V , (3.51) 

16 



with flow operator Li given by ( I2.19I ) and the redefinition 

B = ul + gB', V = gV , u,g€C. (3.52) 

We have not found any generalization of the spectral flow to the Lagrangian systems with higher-order 
P- or Q-structures {i.e. nonlinear ^ or ^ functions). 

3.2.4 Consistent truncations off shell 

Reality conditions can be imposed off shell by requiring the action to be either real or purely imaginary, 
viz. 

('S'buik)^ = es'5'buik , (3.53) 
leading to the following reality conditions on the Lagrange multipliers and the function ^ appearing in 
the generalized P-structure: 

= e5(eR)"+^[/[p] , (y[p])t = _e5(e^)-+^Vfpj, (3.54) 
(^(A))t = - eK^(es(eM)"At) , {^^liX))^ = -Wjiesie^TX^) , (3.55) 

(^j(A))^ = eu^jj-iesieuTX^). (3.56) 

From Tr[7rfc(-)] = Tr[-] it follows that in the case of VTfc -projection then the A;-parities must be correlated 
as follows: 

7i"fe(f^[p]) = -efc ^U[p], 7rfe(V[p]) = ^ y^^^ ^ 
^(-(e,.)"A) = ek%{X) , F/(-(e,)"A) = {-lY+'^i{X) , (3.58) 
^/j(-(efc)"A) = 6,(-l)^+^"F,j(A) . (3.59) 
To fix spacetime parity one may impose (e, e = ±1) 

= e(ee)"+i[/[p] , P{V[p]) = (ee)"+"^^ Vf^] , (3.60) 

=?o(e(ee)"A) = ei%iX) , Wj{X) = rMeiTX) , ,Wjj{X) = elWjMeeTX) . (3.61) 
Finally, assuming Tr[r(-)] = Tr[-], the projection to the minimal bosonic model takes the form 

r(C/[p]) = , r(y[,]) = (-l)"+^l^pj , (3.62) 

^((-1)"A) = Wo{X) , ^i{{-lTX) = Wi(X) , (3.63) 

¥rj(i-\TX) = Wa{X) . (3.64) 
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(3.65) 



3.3 Even-dimensional bulk (p G 2N + 1) 

In the case of an even-dimensional bulk, say of dimension p + 1 = 2n, one has the action 

S^^li^[A,B;S,T] = [ Tr\s*DB + Ti.{F + ^)+W{S;J^,J^,J^^)*T] , 
Jm l ^ 

where W is an interaction ★-function obeying 

W{-X) = W{X) , W{0) = , (3.66) 
and the form degrees are assigned as follows: 

m=l,3,...,p m=0,2,...,p— 1 

S = ^ 5'[„] , T = ^ Tj^] . (3.68) 

m=l,3,...,p m=0,2,...,p— 1 

The variational principle yields the generalized curvatures 

= F + ^ + -^{3) , = DB - {Tds)*W{S) , (3.69) 

= DS + {TdB)*<^ , ^'^ = DT +[S,B]^ . (3.70) 
The action is gauge invariant and the equations of motion are integrable in the case of 

bilinear Q-structure : ^ = J*B, (3.71) 

for which the integrability of follows using the identity 

{S,{Tds)*W}. ^ [T,Wl, (3.72) 

that holds for general even ★-functions W. The Cartan gauge transformations off shell are given by the 
on-shell transformations. 

4 Discussions 

Let us summarize our results, speculate on future directions and finally conclude by trying to place our 
work and ideas into the more general state of affairs. 
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4.1 Summary 

In this paper we presented an action principle for a duality extended version of Vasiliev's equations for 
interacting higher spin gauge fields (including gravity) in four dimensions. 

The duality extended version consists of differential forms of degrees p G {0, 1, 2, . . . } forming two 
master fields B = Sp] + i?[2] + • • • and A = Ay^ -\- A\^^-\^ + ■ ■ ■ , and their Lagrange multipliers which 
are differential fomis of dual form degrees of degrees p — p where p + 1 is the dimension of the base 
manifold (including the twistor Z-space). The initial and boundary data associated with the Lagrange 
multipliers are removed by means of boundary conditions compatible with the variational principle. As a 
result, the Lagrange multipliers can be set equal to zero on shell, leaving A and B subject to the unfolded 
equations of motion dA + A-k A + J B and dB + Ai^B — Bi^A^O where J = Jpj + J[4] is a 
closed and central element. This system contains Vasiliev's original equations in degrees zero and one, 
viz. dA[i] + ★ ^[1] + J[2] ★ -B[o] « and dB^ + ^[i] -k B[o] - -Bp] * ^ 0. 

An important point that remains to be established is whether the coupling J[4] ★ i3 is nontrivial in 
the sense that it cannot be redefined away. In Vasiliev's original system, the coupling J^j ★ B (and its 
hermitian conjugate) is nontrivial; it is indeed this term that reproduces the nontrivial interactions in the 
second order in curvature in the effective unfolded equations of motion in the perturbative expansion 
around a non-degenerate vierbein ll37l . The reason J^j ★ is nontrivial is that the central term J^j 
contains the inner Kleinian k (that becomes a Dirac delta function in the Weyl order of the (Y, Z)- 
oscillator algebra). We note that also J[4] contains such "singular" elements, namely Jj|| * B (and its 
hermitian conjugate) and Jj^| ★ B. 

The duality-extended (A, i?)-system is perturbatively equivalent to Vasiliev's original (^[i], S^o])- 
system: 

i) both systems share the same Weyl zero-form i?[o] ; this master field contains the initial data associ- 
ated to the Weyl curvature tensors, which contain one-particle states and other local deformations 
of the system such as for example the massive pai^ameters of the black-hole solution of OH- 

ii) the master fields with positive form degree (including ^[i]) bring gauge functions on shell. In 
topologically broken phases, the boundary values of gauge functions associated with topologically 
broken gauge symmetries may contribute to obsei^vables; see Appendix [A] Thus the original and 
duality-extended systems share the same observable gauge functions in the unbroken phase (where 
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no gauge functions are observable) and in broken phases where projections of A^i^ are broken (such 
as for example the vr-odd projection containing the ordinaiy vierbein). 

We wish to stress, however, that if one has an exact solution to the duality-extended {A, S)-system, then 
it by construction contains an exact solution to the original system. As known from ||39l . there exist exact 
solutions of the original system for which the connections exhibit critical behaviors for finite amplitudes 
of i3[o] (as can be described invariantly using zero-form invariants). Thus it is not clear whether a given 
exact solution to the original system can be uplifted to the duality-extended system, as new critical 
phenomena may arise in potentials in the duality-extended sector 

We also wish to stress that the action principle involves an integration over a base manifold given by 
the product of an ordinary commuting base manifold (containing four-dimensional spacetime) and the 
non-commutative twistor Z-space. The Lagrangian also contains an additional integration over the inter- 
nal twistor y-space — which one may think of as contracting indices related to various representations 
of an internal higher-spin Lie algebra. 

In this sense, if one was to take our action principle seriously as a starting point for quantizing higher- 
spin gravity, one would have to address the issue of boundary conditions on the internal connection 
{Aa,Aa) in Z-space. In the standard perturbative expansion in the Weyl zero-form i?[o], it is usually 
assumed that {Aa, Aa) is pure gauge in the limit where vanishes. However, as found in f39\, there 
are "topologically nontrivial" exact solutions based on projectors in which {Aa,Aa) remains nontrivial 
for vanishing i?[o] , whose physical meaning remains to be understood better. 

4.2 Outlook: AKSZ-BV quantum action and unfolded quantum field theory 

The action principle proposed in this paper is an example of a generalized Hamiltonian action principle 
for an associative free differential algebra on a noncommutative base manifold. More generally, as far 
as the off-shell formulation of free differential algebras is concerned, one may think of three different 
levels of complexity depending on whether the algebra is associative and commutative, or associative and 
non-commutative, or of strongly homotopy associative type. In the commutative case, the BV quantum 
action is of the AKSZ-BV type and it has been proposed that the perturbative quantization (with suitable 
boundary conditions on Lagrange multipliers) yields master theories of the homotopy type (with ^-ary 
products arising via terms in the Hamiltonian that are of l-th order in the Lagrange multipliers). 

In our case, there exists a quantum action of AKSZ-BV type which we shall present elsewhere. 
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Moreover, the classical {A, B; U, V) system extends naturally to the strongly homotopy associative case 
and there aie indications that its completion off shell leads to an AKSZ-BV-like quantum action (within 
a suitable Noether procedure). It is thus tempting to speculate that there exist quantum theories based on 
layers on "n-quantized" unfolded quantum field theories such that each layer is the master theory of the 
layer below with radiative corrections interpreted as a topological sum, giving rise to third-quantization. 

Pursuing these ideas, one is led to attempt to identify Vasiliev's equations as the master equations for 
an underlying first-quantized topological open string: the system on the commutative manifold appears 
related to an underlying A-model BOl : and the system on the noncommutative twistor space appeai^s 
related to a B-model BTl l40l . More generally, one may deform the bulk action with various topologi- 
cal vertex operators inserted on finite-dimensional sub-manifolds: these ai^e gauge-invariant functional 
whose variations vanish on shell (so that the standard first-order action is an example of such a defor- 
mation) and whose values on shell can be interpreted as amplitudes |[T4l l20l |2T1 l40l . There are many 
such deformations, each of which one may seek to relate to an underlying first-quantized dual, such as 
for example the holographic dual in three dimensions for which one may propose a topological vertex 
operator that is a four-form ll42]|43l . 

The perturbations of the bulk action by various operators also provides a systematic approach to 
symmetry breaking mechanisms: for example, one has topological mechanisms (homotopy phases), 
spontaneous mechanisms (classical solutions) and dynamical mechanisms (radiative corrections); for a 
discussion, see for example BOl . 

More radically, one may go so far as to elevate the aforementioned layered structure of unfolded 
quantum field theories into a quantum gauge principle, i.e. a set of mathematical rules that are nontrivial 
in the sense that they aie meant to hold for any physical (quantum) system. In particular, the Cartan 
integrable free differential algebra of the nth layer, with its exterior derivative d (on a base manifold) and 
Q-structure (in a target space), should arise from the BRST operator of the (n — l)-quantized system 
(subject to radiative corrections but with trivial topology as the topological sum of the (n — l)st layer 
should correspond to the radiative corrections of the nth layer). In other words, the quantum gauge 
principle is meant to contain Cartan's version of Weyl's classical gauge principle. 

In other words, the idea is that generic quantum system should not abide by the quantum gauge 
principle making it nontrivial. We believe, however, that the Vasiliev system is a candidate for (a massless 
sector of) a system compatible with the quantum gauge principle BOl . 
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4.3 Conclusions 

As far as four-dimensional higher-spin gravities are concerned, the only fully nonlinear models that 
are known up to this date are those that have been obtained within Vasiliev's formalism. Vasiliev's 
formalism provides a general framework for higher-spin gravities based on free differential algebras on 
noncommutative manifolds taking their values in internal associative (super)algebras. 

All models arising within this framework are based on one and the same universal equation of motion; 
different models arise by choosing different base manifolds and associative algebras. In this sense, all 
models arising within Vasiliev's framework can be viewed as various Yang-Mills and supersymmetric 
extensions of a basic minimal bosonic model consisting perturbatively of a scalar field, a metric and a 
tower of Fronsdal tensors of ranks {4, 6, . . . } . 

Strictly speaking, these perturbative formulations arise only under a set of extra assumptions (on 
boundary conditions in twistor spaces); whether the resulting perturbative models exhaust all mathe- 
matical possibilities within the perturbative Fronsdal programme is an open problem though there are 
uniqueness theorems to low orders. 

Remarkably, notwithstanding its somewhat peculiar features in comparison to the more traditional 
approach to lower-spin gravities, the perturbative expansions of Vasiliev's equations around its anti-de 
Sitter vacuum appear pai^adigmatic as far as holography is concerned, that is, it reproduces the simplest 
possible candidates for holographic duals of higher-spin gravities P4] l45l |46] l47l ; see for example the 
recent works in Il48ll49ll50l. 

Vasiliev's equations admit, however, exact solutions that involve moduli that are not visible in the 
perturbative Fronsdal Programme (for example solutions activating the internal connections in twistor 
space but not the Weyl tensors). The formalism also admits extensions by differential forms whose 
exterior derivatives vanish identically in the Unearized approximation which one may think of as analogs 
of the three-dimensional gauge fieldj^- 

Taken altogether, the state of affairs motivates a more careful examination of whether the full field 
content of Vasiliev's unfolded formalism should be treated as the actual fundamental field content, and 
not only as part of a resourceful trick aimed at obtaining effective Fronsdal equations. In this approach, 
the aim becomes to include all unfolded variables (differential forms) into the action principle, which 
leads more or less directly to the type of generalized Hamiltonian bulk actions considered in this paper 
' These forms appear in the fc-independent part of i3[o] and the fc-hnear part of . 
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and in fact already considered in Q, albeit in its simpler version without any Poisson structure. 

These action principles lend themselves naturally to the BRST treatment leading to generalized 
AKSZ-BV models, which is the stage at which we are now. The resulting open problem is how to con- 
nect back to the perturbative quantization scheme within the Fronsdal Programme with its clear physical 
interpretation. To this end it is natural to examine various perturbations of the bulk action, which we 
leave for future studies. 

Note added: The results in this paper were paitly presented by P. S. at the IVth Sakharov Interna- 
tional Conference, May 2009. 
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A Free differential algebras on non-commutative base manifolds 

Vasiliev's on-shell formulation of higher-spin gravity makes use of a version of unfolded dynamics that 
is based on associative free differential algebras with central and closed terms. Such an algebra encodes 
the following key structures: 

('B,2t,*,d;5;^, J;t) , 

and it describes the moduli space .y^i of 2t- valued sections {Z^ }i^_^ over a noncommutative base mani- 
fold ^, subject to universally Cartan integrable flatness conditions on generahzed curvatures 

:= dZ' + ^\Z,J) f« 0, i G J^, (A.l) 

and defined modulo unbroken Cartan gauge transformations generated by t, a subalgebra of the Cartan 
gauge algebra g. 

The {Z"^} are the fundamental (classical) fields of the unfolded system; we refer to as the master 
field of flavor i. The master fields ai^e differential forms in degrees pi = deg(Z*) G N (including 
zero-forms). They can be acted upon with the exterior derivative d and composed using the associative 
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noncommutative product ★ = ★A combining the product on 21 and the composition of differential forms 
on *B (represented by symbols). The following rules apply: 

deg(Z^*Z^) = deg(Z^) + deg(Z^) , degid) = 1, (A.2) 

d{Z' * Z^) - {dZ') * Z^ - ★ {dZ^) = , (A.3) 

{Z' ★ Z^) -kZ^ -Z'i. {Z^ ^ Z^) = . (A.4) 

Locally, in the coordinate charts *Bg C labelled here by an additional chart index, the sections have 
local representatives 

Zi € J^(5Sg)«)2t. (A.5) 

The structure functions J) in dA.ll ) are given by :*r-power expansions in and an additional 

set { J^} of globally defined elements that are central and closed, viz- 

G Q(S)0 2t, (iJ^ = 0, J^*Z^-Z^*J^ = 0, (A.6) 

hence generating a closed and central subalgebra 

Z C J^(«B)(g)2l. (A.7) 

The structure functions can thus be presented as 

n 

with coefficients ( J^) G ^ that need not be graded symmetric in their lower flavor indices (due to 

the non-commutativity of The universal Cartan integrability of (lA.lt is tantamount to compatibility 
with = on base manifolds 5S of arbitrary dimension. Using the notation for T^r-vector fields (see 
Appendix |Cll, this amounts to that 

= 0, J := ^\Z^,J^)di, (A.9) 
or equivalently, that the coefficients obey 

ni 

ni+n2=n—l m=l 

where the flavor indices ji, . . . , jn are not subject to any graded symmetry. 
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The universal Cartan integrability implies that the constraint surface remains invariant under the 
Cartan gauge transformations 

6eZ' = ^e,z*Z' := (ie*-^*^\ ^ := e'di , (A.ll) 

which are linear in gauge parameters e* and in general nonlinear in Z*. These transformations form a 
soft gauge algebra g that exponentiates into generalized (or soft) group elements 

^x,z ■■= exp,^x,z (A. 12) 

generated by (finite) gauge functions A*. The space of locally defined solutions to := + 
=S*(Z^, J^) » is given formally by Cartan gauge orbits, viz- 

J^i = m,z ^Z' : A = , = Z^J , (A.13) 

where A^ and Z\j^ ai^e locally defined gauge functions and reference solutions, respectively; the refer- 
ence solution obeys i) the constraints dZ\^^ + =S*(Zq, J) « 0; ii) an initial datum (Z^^|[o])|pj = C| 
where G is a base point and (•)|[o] denotes the projection to zero form degree; and iii) a physical 
gauge condition (to select a well-defined particular solution and avoid over-representation). Interestingly 
enough, the unfolded formulation of higher-spin gravities appears amenable to the implementation of the 
above form of Cartan integrability at least in sub-sectors of the theory. 

The moduli space is obtained by first gluing together locally defined modules by means of 
transition functions valued in the unbroken gauge algebra t C g, viz. 

^5 ^ := exp^^^i'^. , A|' G t, (A. 14) 

where the parameters are defined on (cylinders homotopic to) the overlaps 55^ PI 53^/ (we are assuming 
that 55 = *B^). The gluing compatibility implies that 

Zh^ = Zh foralU, (A. 15) 

where thus C is (gauge non-invariant) constant of motion, and that 

^1' = ^5 , (A. 16) 

which is a nontrivial gluing condition on the gauge functions. The coordinates on are gauge-invaiiant 
and intrinsically defined observables that is, functional of the master fields constructed out of local 
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functionals that are manifestly t-invariant off shell and intrinsically defined, i.e. independent under any 
particular choices of local data on the base manifold and hence manifestly diffeomoiphism invariant 
(consequently non-local). The manifest t-invariance implies that "^^^ ~ -k^^ -k (^^')~^ where is 
generated by t. Thus, in view of (lA. 16I ). one has that 

^5 ~ ^5*^5 where ^5 is generated by t, (A. 17) 

that is, the gauge functions in can be taken to be valued in the coset g/t. 
For example, one may consider homotopy charges given by integrals 

& := j {uj^ + k^), S' G [S] (A.18) 

over nontrivial p/j-cycles [S] of p^-forms i^^[Z, J] and k^[Z, J] that are manifestly t-invariant, i.e. 

6e{uj^,k^) = , e €i, (A.19) 

and defined by the equivariant cohomology system 

do;^ + f^iu) « , « dk%^^^ , (A.20) 

where Scyi is a cylinder of finite thickness containing S; the homotopy invariance of de Rham coho- 
mology classes then implies that ifP^^~^(Scyi) = so that /^Is^^i must be exact, that is, given by the 
exterior derivative of some p/j-form k^ that is globally defined on S (and hence gauge invariant). Thus 
the integral over S, which must necessarily be split into several charts, say {S^}, makes sense and is 
independent of the choice of S'. A variation J^A* = in the gauge functions thus induces a change in 
(w^ + k^)\^^ given by 

+ = dX^iei:), (A.21) 

where X^{e^) is a linear functional in e^. By the t-invariance, one has that Xg(e^) is invariant under 
t- transformations that act simultaneously on and the gauge parameter {c.f. the BRST treatment where 
the gauge parameter is promoted into a ghost). It follows that 

Se^i = JZi Xi:{e^) , (A.22) 

which can be split into contributions from chart boundaries in the interior of OS and from true boundaries 
of OS. The former must cancel identically if one assumes that the choice of where to cut the interior of *B 

26 



into charts should not be of no importance. Taking into account the signs coming from orientation, this 
is a consequence of the fact that {A*} forms a globally defined section (of the soft t-bundle) as stated in 
(IA.16I) . One thus has 



that is the only physical dependence of the gauge functions enters via their boundary values, which one 
may view as an unfolded version of the holographic principle. 

B Duality extension 

We consider an associative free differential algebra consisting of master fields and structure coef- 
ficients ^ji,...j„(</^) of fixed degrees, say deg(Z*) = pj g N and deg{^j^ jj = p)^,„j^ G 2N. 
This system can always be duality extended (without adding any new local degrees of freedom) by i) 
replacing by := -^[p +2fc]' ^'^'^ exploiting field redefinitions to introduce coupling constants 
<^[o] and then replace these by g{J^) := Y^kdi'ik]- It follows that the extended system {Z'^g} contains 
the original system {Zj^ j, (^^j} as a consistent subsystem, though the added master fields Z^p.^2k] ^^^^ 
k > cannot in general be set equal to zero, since they are sourced from {Z^.-^} via terms involving the 
new couplings (/pfc] with k > 0. 

One may refer to the duality extension as non-trivial if the central elements cannot be removed by 
redefining the master fields; we are not aware of any general condition that guarantees non-triviality. 

C Further details: T»r- vector fields and Cartan integrability 

In this Appendix we go into the technical details of ^-functions, ^-vector fields and Cartan integrability 
that were introduced in Appendix [A] Let us first recall the general idea of a free differential algebra 
on a non-commutative base manifold ^ consisting of graded associative algebras generated by sets 
{Zl}iizy of locally defined differential forms subject to generalized cui-vature constraints 



where ^ := JS^ di is a composite iir- vector field of total degree one subject to the Cartan integrability 
condition 




(A.23) 



dZl + ^'{Z^,J) ^ 



(C.l) 




(C.2) 
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Here we use the following notation and conventions (see H2ll40ll43]| for further details): 

(i) labels charts 5Sg C ^ with coordinates of degree zero and differentials of degree one 
generating N-graded associative ^-product algebras 

= Env[H|,dH|] (C.3) 

modulo the graded ★-commutators 

[Hf,Hf], = 2in^^, [Hf,dHf]. = 0, [dHf,dHf], = 0, (C.4) 
where n*^^ is a constant matrix (defining a canonical Poisson structure 11 = H^'^'^Om ® Qn)', 

(ii) the action of the exterior derivative d = dE^^d/dE^^ in ilg is defined by declaring that 

d(Hf) = dEf, dif^g) = (df)*g + {-lf'^ff*idg), (C.5) 
for elements f,gGQ such that / has fixed form degree deg/ ; one has 

d^ = 0. (C.6) 

(iii) the locally defined differential forms Z| € f]^^'' ® 0* , where q}-^^^ is the subspace of Q,^ of fixed 
form degree rrii and ©* can be either are finite-dimensional internal tensors (such as for example 
Lorentz tensors) or sectors of an internal associative algebra 21; 

(iv) the graded associative ★-product algebra 9^^ := Env[Z|] ® ^ where 5 is a space of central and 
d-closed elements (including the identity), i.e. if -^{Z'^^) € then 



— ^ '^ji---jn * ★ • • • ★ z^^" , '^ji...j„ £ 5 ; (C-V) 

n>0 

(v) a composite ★-vector field ^ is a graded inner derivation of 91, i.e. if G then 

★ ★ = ★ ^) ★ ^' + (-l)dcg(^)degW^ ^ ^ ^ (C_8) 

provided that ^ and ^ have fixed degrees. In components, one writes ^ := ^^{Z^)di where 
:= ^ ★ (and 9^ = 9^). The graded bracket between two composite ★-vector fields is 
defined by 

★ ^ := (_l)deg(^)deg(:f O;^' ★ ★ ^) , (C.9) 
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is a degree-preserving graded Lie bracket, i.e. ^']* is a graded inner derivation obeying the 
graded Jacobi identity [[ JT, + graded cychc = . In components, one has 

[^,^% = jT'^ - (-i)^(-^)<^'^g(^');^'*^^) . (c.io) 

The Cartan integrability condition (|C.2| i, that can be rewritten '^]^ = 0, amounts to that ^ is a 
nilpotent composite ^-vector field of degree one. This condition ensures that the generalized curvature 
constraints are compatible with (P = without further algebraic constraints on the generating 

elements Z| . One can also show that the nilpotency of ^ is separately equivalent to that the generalized 
curvatures ^* obey the generalized Bianchi identities 

dM' = 0, where ^ := di , (C.ll) 

and transform into each other under the following Cartan gauge transformations 

5,Z' = := de' where ^ := e' di (C.12) 

and where is an element in O (g) 6* that is considered infinitesimal and independent of , viz- 

6e^' = -^*((^*^^)). (C.13) 

The closure relation reads 

[ds„ds,]Z' = 6s,,Z'-^*e{^, (C.14) 
where the combined parameters £12'^ given by 
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^12 - "2 1^1 '^2]** (C.15) 



The above results can easily be obtained upon introducing the even vector field 

■■= {^*^')di (C.16) 
and using the following set of identities which are consequences of the first one: 

[J, J]. = , 0,^el = , [^e^,^e2]* = 0,^12]. , (C.17) 

where we recall the all the commutators are graded-commutators. 

As discussed above, the local representatives IH^ are glued together on overlaps U 53^/ by means 
of the transitions Z| = '^^^ -k where the transition functions are soft group elements given by 
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★-exponentials of the Cartan gauge transformations as in (IA.12I ). From the Leibnitz' rule (IC.Sl l it follows 
that these transitions are indeed isomorphisms, viz- 

^★^(Z) = ^(^★Z) , Wi<{J^*J^') = {^*^)*{^*^'). (C.18) 

We would like to show that, if satisfies the star-product equation dZ^ + J2^{Z^) 0, then Z\ := 
{exp^0x,z])*^' where ■= dX' di - [see (06l) 1 satisfies the equation dZ^ + ^^(Za, J) « , 
thereby exhibiting the fundamental integrability of the unfolded equations in the case where the free 
differential algebra saf is endowed with a non-commutative star-product. We recall that 
Lemma: The following commutation relation is true: x, c^]* ~ , where the weak equality means an 
equality on the surface S = {dZ^ + ^*(Z, J)} = . 

Proof of the Lemma: On the surface S , the exterior derivative d « ^ — A , where 

l:=cfA^^ . (C.19) 

The proof is tantamount to showing that [^A,^-^]^*Z^ = 0= A, =S — A]^ ★ A' because then, 
using the fact that x, ^ - ~^]* is a ★-vector field, it follows that [^a, ^ - * '^{Z, A) = for 
an arbitrary star-product function .^(Z, A) . 

(a) First of all, it is trivial to see that [^Aj^ — ~^]* * A* = 0. Indeed, it gives '^x{dX^) which 



vanished 

(b) That [^Xi =^ — A]^ ★ Z* = is more difficult to show. For that, we write 

n 

where cS* . G 2 and compute 

n 

J ★ (5a ★ Z*) = * Z^i ★ . . . ★ ^^■'3 ★ . . . ★ A^" ★ . . . ★ Z^" 

n I3<a=l 
n 

Y * Z^l ★ . . . ★ A^'» ★ . . . ★ ^^■'^ ★ . . . ★ Z^" , 

n a<l3=l 

^x*i^*Z') = [dX'' - {X^ dj) i< ^'']dk * , 

n 

IVi.i^x^Z') = -^^^i^ j.^* Z^i*...*(iAJ"*...*ZJ" , 5'a*(A*Z*) = . 

n a=l 



^We consider the algebra where the fields {Z'} and {A'} are considered as independent, in accordance with the BRST 
treatment of gauge systems. 
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Regrouping all the terms, we find 

[^A, J - ★ = ^^dj ★ [{X^dk) ★ - [{X'^dk) ★ ^^dj * (C.20) 

which vanishes identically due to the second identity of (IC.17I) . 

Therefore, since A]^ is a star-product vector field, it follows that — -^j** '^{Z, X) = 

for an arbitrary star-product function ^{Z, A) . □ 

Using the above Lemma, we have that := {exp^l^ x])* Z^ satisfies the equation dZj^ + 0, 
since dZ{ = d [(exp^[^A]) * Z'] = (exp^[^A]) i^dZ' ^ -(exp^[^A]) * ^'{Z) = -^\Zx). This 
proves the formal Cartan integrability of the star-product unfolded equations. 



D The Vasiliev equations 

In the case of Vasiliev's equations, the master fields are locally defined operators of the form 

0^{Xf ,Pi,,dXf ,dPiv Z-. dZ^; Y^- e*) , (D.l) 
where the non-vanishing commutators among the coordinates are 

[X''\Pm] = i6^' , [Y^,Y^l = 2iC^, [Z^,Z^l = - 2iC^ , (D.2) 

with charge conjugation matri}(|j C^^ = e"^ and = e°^^ . The operators are represented by symbols 
/ [O^] obtained by going to specific bases for the operator algebra which one may also think of as ordering 
prescriptiono One may think of the symbols as functions f{X, P, Z; Y; dX, dP, dZ) (with variables 
composed using commutative juxtaposition) on a correspondence space 

C = y , e:^ = QS^ X 2) , QS^ = 9Jl^ X 3 . (D.3) 



''We raise and lower quartet and doublet indices using the conventions A— = C— Ag , and X" = e^^A^ and Aq = X^epa , 

and we use the notation A ■ A' = A-Aq^, and A ■ A' = A^A'^ and A ■ A' = A°A'^ . 

''The symbols are thus defined modulo similarity transformations generated by inner automorphisms (related to the higher- 
spin gauge transformations) as well as changes of the order prescription, that is, changes of basis of the operator algebra. These 
types of transformations may have a drastic effect on the mathematical nature of the symbols, that may change from being a 
smooth or real analytic into being singular or even distributions. Thus, in order to extract physically meaningful information 
from the master fields, one needs to develop the notion of observables ff, namely functional of the locally defined master fields 
that are invariant under both gauge transformations and re-orderings. The construction of such functionals introduces various 
geometric concepts into the theory, such as flat connections, covariantly constant sections (going into decorated Wilson loops), 
equivariantly closed forms (used to define homotopy charges) and metrics (that yield minimal areas of closed cycles). 
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Working within a restricted class of orderings, referred to as universal orderings, the exterior derivative 
on 03 is given by 

d = dX^'du + dPud^^ + q, q := dZ^da ■ (DA) 
The master fields of the (duality-unextended) minimal bosonic model are an adjoint one-form 

A = W + V, (D.5) 

W = dX^^ Wm {X, P,Z;Y) + dPM W^^{X,P,Z;Y) , V = dZ^ V^{X, P,Z-Y), (D.6) 
and a twisted-adjoint zero-form 

$ = $(X,P,Z;y); (D.7) 
these fields obey the following projection and reality condition]^: 

r(A«^) = (-Avr($)) , (A,^)^ = {-A,7rm , (D.8) 

where the maps t , ir , n and | are defined by d o (r, vr, vf, |) = (r, vr, vf , |) o d ancc 

■n- {ya,ya,Za,Za) = {-ya,ya, -Za, Za) , * 5) = 7r(/) ★ 7r(5r) , (D.9) 

{ya,ya,Za,Za) = {ya, -ya, Za, -Za) , * 5) = Vf (/) :*r vf (5) , (D.IO) 

T {ya,ya,Za,Za) = {iya, Wa, -iZa, -iZa) , ^{f i< g) = {-1)^ ^ T{g) T{f) , (D.ll) 

{ya,ya,Za,Za)'' = {ija, ya] Za, Za) , {f * 9^ = {-'^Y'^ 9^ * P ■ (D.12) 

The r-projection removes all terms that are associated with the unfolded description of spacetime fermions 
as well as spacetime bosons with odd spin. 

The full equations of motion of the minimal bosonic model with fixed interaction ambiguity amount 
to the statement that the full curvature F = dA + Ai^ Ais proportional to F , viz. F + F ★ J = , via a 
deformed symplectic two-form J defined globally on correspondence space, obeying t( J) = = — J 
and 

dJ = 0, [J,f]^ = 0, (D.13) 



""Here we are focusing on the models containing spacetimes witii Lorentzian signature and negative cosmological constant; 



for otlier signatures and signs of the cosmological constant, see 1391 . 

*The mle (/ * g)^ ~ 9^ * holds for both real and chiral integration domain. 
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for any / obeying vr7r(/) = / , and where we have defined [/, g]^ = f * 9 — 9 ^(/) • In the minimal 
model, 

J = - ^-{bdz^ K + bdz"^ k) , (D.14) 
where the chiral Klein operator are given in the normal-ordering by 

K = exp(iy"za) , R = = exp(— iy^Zo.) . (D.15) 

By making use of field redefinitions $ XF with A G M , A 7^ , the parameter 6 in J can be taken to 
obey 

\b\ = 1, arg(6) G [0,7r] . (D.16) 
The phase breaks parity except in the following two cases: 

Type A model (parity-even physical scalar) : b=l, (D-17) 

Type B model (parity-odd physical scalar) : b = i. (D.18) 

The integrability ofF + F*J = implies that D F*J = 0, that is, D F = 0, where the twisted-adjoint 
covariant derivative DF = F + AikF — F-k ir{A). This constraints is integrable since 

D'^F = F*F-F*7r(F) = -F*JirF + FirTT{F)*J = 0, (D.19) 

using the constraint on F and ( ID.13I ). 

Thus, in summary, the unfolded system describing the minimal higher-spin gravity is given by 

F + $*J = 0, D<^> = 0, dJ = 0, (D.20) 

F = dA + Ai<A, DF = F+[A,F]^, (D.21) 

and the kinematic constraints ID. 81 which imply [A, J]^ = J]^ = . 

^The quantities k and k are the Klein operators of tiie chiral Heisenberg algebras generated by (ya, Za) and {ys,, Za) . The 
two-dimensional complexified Heisenberg algebra [u, v]-^ = 1 has the Klein operator k — cos* (ttu ★ u) , which anti-commutes 
with u and v and squares to 1 . Hence k remains invariant under the canonical SL{2; C)-symmetry that becomes manifest in 
Weyl order, where the symbol of k is thus proportional to the two-dimensional Dirac delta function. It follows that (k, R) is 
invariant under S'L(4; C) x SL(4; C) , which is broken by dz^ and dz^ down to a global GL{2\ C) x GL{2; C) symmetry of the 
Vasiliev system, generated by diagonal SL{2; C) x SL{2; C) transformations and the exchange {ya, Za) ^ {iza, —iza) . The 
latter symmetry is hidden in the formulation in terms of differentials on Z-space while it becomes manifest in the deformed- 
oscillator formulation. 
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The integrability is manifest in as much as the associativity of the Tkr-product in manifest. 
The integrability implies the Caitan gauge transformations 

5,A =De, 5,$ = -[e,F]^ , (D.22) 

for zero-form gauge parameters e{X, P, Z;Y) obeying the same kinematic constraints as the master 
one-fonn, i.e. r(e) = — e and (e)^ = — e. The closure of the gauge transformations reads 

[(5ei,(5e2] = (Jeia , ^12 = [£1,62]*, (D.23) 

defining the algebra fis(4) . 

Finally, the decomposition of the master field equations into unifold and twistor directions read 

dF + Wi^F - Fi.TT{W) = 0, dW + Wi.W = , (D.24) 

qW + dV + W*V + V*W = 0, (D.25) 

qF + Vi.F - Fi.TT{V) = , qV + V i^V + F J = . (D.26) 

The duality unextended system on shell with fixed interaction ambiguities admits the following synthetic 
fornf: 

dA + AirA + FirJ = 0, dF + Ai.F - Fi.7T{A) = , (D.27) 

where {A, $) are locally defined differential forms on a noncommutative correspondence space as fol- 
lows: 

d = d + q, d = dX^^du + dPud^ , q = dZ^da , (D.28) 

A = dX^^Mi^) + dPMA^\E) + dZ^A^{E) , (D.29) 

F = F(E) , J = - ^{bdz'^n + bdz^R) , (D.30) 

where = [X'^ , Pm,Y—, Z—) are local coordinates; {X^\Pm) coordinatize a universal noncom- 
mutative phase space; , Z—) = (y", y"; z", — z") coordinatize two mutually commuting copies of 
the noncommutative twistor space; h and b ai^e complex moduli and 

K := cos*(7rn) , R := coSj,(7rn) , (D-31) 

'^These transformations are the canonical transformations of the ★-product algebra generated by |D.2| containing the diffeo- 

morphisms of Lagrangian submanifolds of the unifold. 

'The format applies also to Yang-Mills extended or supersymmetric models; for example, see ||51||52||53l . 
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with (n, n) given by the total chiral number operators in twistor space, are idempotent chiral Klein 
operators such that 

dJ = 0, {F,A)-k J - J i.Ti{A,F) = 0, (D.32) 
where vr is the automorphism of the ^-product algebra defined by 

-K ■ (X^,PA/;2/",r;^",^") ^ (^''',^'M;-y",/;-^°,^"), = ^d. (D.33) 

The symbols of the Kleinians are distributions on the doubled twistor space whose precise form depend 
on the choice of ordering scheme (that can thus be adapted to different physical problems); for example, 
in overall Weyl order they localize to Dirac delta functions (that are useful in trace calculations) while in 
overall normal order they become Gaussians (that ai^e useful in perturbation theory). 

The singular nature of the Kleinians implies that the source term <I> ★ J cannot be absorbed into a 
field redefinition |[33l . Moreover, upon projection of the full equations to a Lagrangian sub-manifold 
of the universal phase space, say Pm = 0, which can be obtained in an expansion in the zero-form, the 
twistor-space source term induces nontrivial albeit perturbatively defined deformations of the generalized 
curvatures dA + A-kAwADf^ = d(^ + A-k<^-(^-k'n:{A) of the /is(4)-valued connection A = A\z=p=o 
and the twisted-adjoint zero-form <I> = <^\z=p=q. Upon further weak-field expansion around large spin- 
two gauge fields, i.e. vierbein e"" and Lorentz connection the deformations contain the 
canonical linearized source terms for unfolded Fronsdal tensors in accordance with Vasiliev's central 
on-shell theorem. 

In other words, the Vasiliev system contains a set of nontrivial equations of motion for perturbatively 
defined Fronsdal tensors. The full system contains, however, various other moduli that have either prob- 
lematic or no description in terms of Fronsdal fields, such as classical solutions with degenerate vierbeins 
and topological degrees of freedom contained in the internal connection Aa ll39l . 

Over and above their formal Cartan integrability, the Vasiliev equations exhibit the following more 
powerful integrable structures: 

• The Maurer-Cartan integrability facilitates the explicit construction of solutions using gauge func- 
tions |l54l[39l|55l|56l[36l and the formal construction gauge-invariant observables ll42l : 

• The zero-forms Sa := Za — 2iAa and Sa := Za — 2iAa the following generalization of Wigner's 
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deformed oscillator algebra with local anyonic deformation parameter viz- 

[Sa,S^l = , 5„*^> + $*7r(S„) = , 5^*$ + $*^(S^) = 0, (D.34) 

which one may also think of as describing the deformation of the symplectic structure on a sub- 
manifold of complex dimension two of the doubled twistor space (of complex dimension four). 

These properties have been used in a number of circumstances ranging from classical solutions 
ll57l l58l [39l l38l l36l to perturbative calculations of the reduced twistor-space vertices P(W; and 
J{W, W; $) in ||52l[52l and direct verification of the Klebanov-Polyakov conjecture P71 . first in ||59l at 
the level of cubic scalar self-couplings, and then for the complete cubics in 
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1 Introduction 



The natural setting for gauge theories with local space-time symmetries is unfolded dynamics |[Tl|2l[3ll4l 
121. The apphcation of this formalism, which is based on exterior differential systems (see e.g. IHITI and 
refs. therein), to field theories with local propagating degrees of freedom, such as gravities, supergravities 
and higher-spin gravities, yields infinite towers of zero-forms that are independent dynamical fields off 
shell. On shell, their integration constants, or expectation values, represent all the local information of 
the on-shell curvatures, usually referred to as the Weyl tensors. 

In mathematics, an exterior differential system is usually considered as an ideal / in the graded ring 
of locally defined differential forms on a smooth manifold M that is closed under the operation of exte- 
rior differentiation. An integral manifold of a differential system is an immersed submanifold of M on 
which each form in / restricts to zero. In unfolded dynamics, the generators of / are identified as gener- 
alized curvatures and the integral manifold becomes a classical solution. Due to Cartan integrability, the 
curvatures can be integrated and expressed in terms of potentials, providing the fundamental variables in 
the off-shell formulation. 

The canonical framework for the off-shell formulation of unfolded dynamics is based on generalized 
Poisson Sigma models |l|l[ia[Il][l3[Il[ll[Il[l3[l7l[Il[ll,and|l2a|2^ Adapting 
these models to quasi-topological unfolded systems with infinite towers of zero-forms, provides a frame- 
work for quantum field theory that one may refer to as unfolded quantum field theory, or deformation 
quantum field theory. They resulting key physical question is whether this novel framework actually 
contains standard relativistic quantum fields; see also Il26ll27ll28l for recent developments. Q 

Considering retrospectively the works Il30ll3ni32]|33ll34l . one sees that these fonnulations of super- 
gravities are examples of unfolded systems, i.e. exterior differential systems with infinite towers of Weyl 
zero-forms, though the locality of supergravity implies that all the dynamic content can be accessed (in 
the metric phase) by only considering the constraints on the forms in strictly positive degrees, thereby 
explaining why the authors of |[33l l32l [3TI did not consider the constraints on the generalized one-fonn 
curvatures for the Weyl tensors. 

In this paper we shall address this issue by using the fully non-linear and background-independent 
Vasiliev equations in four spacetime dimensions ||2l [35l [36l . These equations possess an algebraic struc- 
ture that enables us to construct a generalized Hamiltonian action with nontiivial QP-structures, and 
have geometric structures which allows to construct additional boundary deformations. In this paper we 
focus on the bulk part of the Hamiltonian action, leaving various deformations on submanifolds to future 

'Note that a relation between the AKSZ formalism and unfolding was not explicitly spelled out before 1201 . The observation 
in 1201 mainly relies on the results of 1291 where the relation between unfolded and BRST approaches was first established (for 
linear systems). 
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works. In fact, already in Q, such an action principle was proposed, which however did not contain any 
P-structure. 

We wish to stress that, unlike the original Fronsdal programme, which attempts to formulate higher- 
spin gauge theory off shell in a perturbative expansion around constantly curved spacetime, the work in 
this paper provides a background-independent formulation in terms of master fields living in the corre- 
spondence space, i.e. the local product of a non-commutative phase-spacetime containing the commuta- 
tive spacetime as a Lagrangian submanifold and a non-commutative twistor space. Strictly speaking, the 
Vasiliev system has a huge classical solution space that admits many different perturbative expansions of 
which only some reduce to Fronsdal systems (with cosmological constant). 

2 Duality extension on shell 
2.1 Duality extended bosonic models 

Our starting point is Vasiliev's on-shell formulation of higher-spin gravity in four spacetime dimensions 
||2l[35l[36l based on combining free differential algebra and the twistor map (see Appendix iDl). 

Vasiliev's equations of motion provide a particular- example of fonnulation of a classical field the- 
ory using free differential algebras, sometimes referred to as unfolded dynamics. In general, unfolded 
systems can be extended by adding forms in higher degrees. In particular, if the underlying differential 
algebra contains central and closed elements in degrees {0,2,4,...}, also the structure constants can be 
extended from the real numbers (in degree zero) to general central elements. If this extension is nontriv- 
ial, that is, if it cannot be removed by a field redefinition, then we refer to the resulting extended system 
as a duality extension of the original system. The duality-extended system contains the original system as 
a consistent subsystem, and this subsystem sources the duality-extended sector via nontrivial couplings 
involving central elements of positive degrees (see Appendix IB] for a more detailed discussion). 

Vasiliev's equations can be extended adding forms in higher degrees as follows: 

A= ^bl ' ^ = E ' (2.1) 

p=l,3,... p=0,2,... 

where A^p^ and B^p^ are locally-defined differential forms of total degree p belonging to the algebra of 
bosonic forms with generic elements 

oo 

/ = Y.f[p^{X^',dX'';Z^,dZ^;Y^;k,k) , (2.2) 
p=0 

/[p] (A dX^' ; A dZ^) = XP 4] {dX'' ; dZ^) , (2.3) 

for complex parameters A (we suppress the iixelevant variables whenever ambiguities cannot arise), 
where X^^ are commuting coordinates, {Y—, Z—) = (y", y"; z", z") are non-commutative twistor-space 
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coordinates and k and k are outer Kleinians obeying 

k^f = ■K{f)-kk, k-kf = 7f(/)*A;, ki^k = 1 = k-kk , (2.4) 
with automorphisms vr and 7f defined by7rd = d7r, 7fd = d7f and 

7f z"; y", r )] = /(^°, 2/°, ) • (2.5) 
The bosonic projection and irreducibility conditions amount to 



^vf(/) = /, / = P+*/, where P± = ±k^k) , (2.6) 



which imphes 
/ 



(2.7) 



The bosonic projection removes all component fields associated with the unfolding of spinorial degrees 
of freedom in spacetime. Irreducible minimal bosonic models can be obtained by imposing reality con- 
ditions and discrete symmetries that remove all odd spins; the hermitian conjugation f and the relevant 
anti-automorphism r are defined by d[(-)^'] = [d(-)]^ d r = T d , 

= (2.8) 

T[/(2",z";y",y";fc,fe)] = /(-iz", -zz"; iy", iy" ; A:, fc) , (2.9) 

[/b]*4'/ = (-l^'(/[;'])^*(/b])^ ^t/w^/b']] = (-irV(4,])*r(/[,]). (2.10) 

We shall discuss the minimal models below. 

The duality extension of the Vasiliev system is based on the following generalized curvature con- 
straints 

F + ^ = 0, DB = 0, (2.11) 
with Yang-Mills-like curvature and covariant derivative defined by 

F = dA + Ai.A , DB = dB + Ai.B - Bi.A , (2.12) 
and interaction freedom {1,1 = 1,2) 

^ = ^i{B) * J[^2] + ^j(B) * J[^2] + ^ij{B) * (2.13) 
featuring the central elements 

(4])/=i,2 = - 1(1 , A;k) ^ P+ * (fz , (4])/=i,2 = - i(l , fcK) ^ P+ ^ d^z , (2.14) 

Jll = 4i4j4, (2.15) 



and ^-functions ^i, .^j and of B such that ^/(A) , =^/(A) and ^j/(A) (/, 1 = 1,2), viewed as 
functions of a single complex variable A € C , are complex analytic in a finite neighborhood of A = . 

The unfolded equations (12.1 II ) are Cartan integrable because the Yang-Mills-Uke Bianchi identities 
DF = and DDB = [F, i?]^ are compatible with the generaUzed curvature constraints. In other words, 
defining the generalized curvatures 

= F + = DB , (2.16) 

one has the generalized Bianchi identities 

D^^ - i^^dB)*-^ = , D^^ - [J^^,BI = . (2.17) 

The potentials {^[i], B[2], A[3], i?[4], . . . } in positive fomi degree share one and the same Weyl zero- 
form i?[o] , that hence contain all the local perturbative degrees of freedom of the extended system. 
One may refer to {B^q-^ , , Sp] , ^[3] , ^[4] , . . . } as a duahty extension of the original Vasiliev system 
consisting of {i^joj , ^[1] } in the sense that the presence of the central elements in degree four implies that 
{-B[2] , ^[3] , S[4] , . . . } cannot in general be set equal to zero on shell. Moreover, the extension is massless 
in the sense that for each pG{l,2,3,...} the system of forms with degrees p' ^ p constitutes a closed 
subsystem, i.e. their curvatures do not depend on the forms with degrees p' > p.ln particular, this means 
that any (locally-defined) exact solution to the duality extended system contains a (locally-defined) exact 
solution to the original Vasihev system. The converse statement requires a more careful analysis that we 
defer here. 

2.2 A duality extended spectral flow 

The duality extended system possesses a spectral flow ll37l describing the evolution of the system on 
shell under changes in a vacuum expectation value u and a coupling g defined by the field redefinition 

B = ul + gB' . (2.18) 

We stress that the parameters (g, v) are part of the moduli space of the unfolded equations of motion, 
that is, both A and B depend on {g, v) on shell and in such a way that the differential d commutes with 
{dg, dy) . Letting / = f{A, dA, B, dB) and defining the flow operator 

Lif = dgf - fiiB'^dyf -d,f*fi2B' , /xi,^iGC, fii + fi2 = l, (2.19) 

one has 

LiF = DLiA + niDB' i^d^A- H2duA*DB' , (2.20) 

LiDB = DLiB + [LiA,B]^ + ^LiDBi^dyB' + ^2duB' i^DB , (2.21) 

Li^ = {LiBdn)*^. (2.22) 
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It follows that the duality extended equations of motion are compatible with the flow equations 

LiA « , LiB PS , (2.23) 

where the last flow equation is equivalent to that LiB' k, Q . 
The flow equations generalize as follows: one first redefines 

B = v + J^{B') , jV = uigB' + i^2<?^^'*^ + ^^39^3'*^ + ■■■ , (2.24) 

where Uk (k ^ I) are constants and g the coupling. The flow operator defined by 

Lf = dgf - ^i{B') * d,f - dj * ^2{B') , (2.25) 

where the two 7ir-f unctions defined by (i = 1, 2) 

■^i = Hi,! g B' + fii^2 g"^ B'*"^ + . . . , /ii,fc + /i2,fc = kuk (k^l); (2.26) 

obey 

= (LBOb)*^, (2.27) 

LB = uiLB' + U2g^{LB'i<B' + B'*LB') + --- , (2.28) 

LF = DLA + D^i ★ duA - dyA ★ D^2 , (2.29) 

LDB' = DLB' + [LA, B% + D^i * d^B' + d^B' * DM2 , (2.30) 
and it follows that one can set the constraints 

= 0, LB' = 0, (2.31) 

where the latter constraint thus implies that LB = . One can redefine ^ = gB' so that vi = 1 and 
i/fc = for > 1, leaving the freedom in that generalizes the two-parameter freedom in having /xi 
and /i2 . 

2.3 Consistent truncations 

There are two possible reality conditions leading to models with negative cosmological constant A < , 
that we parameterize using ejR = ±1 as follows: 

= - (effi)'^A[p] , (S[p])t = (ei8)i5[p] , (2.32) 

(^KA))^ = ^j(At) , ^,j(A))t = 6M=^j/(At) . (2.33) 
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Moreover, using the map 

vTfc : {k,k) ^ i-k,-k), (2.34) 

there are two possible projections to models without topological (adjoint) zero-forms, that we parame- 
terize using efe = ±1 as follows: 

TTkiAip]) = (efc)^^[p] , vrfe(S[p]) = - (efc)2 5[p] , (2.35) 

J^j{-X) = (-l)^+i^,(A) , ^jj{-X) = {-lY+'ekJ^jj{X). (2.36) 
Using the parity transformation P defined by P d = d P and 

P[/(X^;z°,z'^;y-,r;A:,fc)] = -z" , , y"; fc, A;) , (2.37) 

which is an automorphism of the ^-product algebra and where Pf is expanded in terms of parity reversed 
component fields, there are four ways of fixing parities, that we parameterize using e, e = ±1 as follows: 

P(A[p]) = (eel'^^H , P(i?[p]) = (e)^(6)§i?[p] , (2.38) 

^j(A) = ^i{eX) , ^jj{X) = ee^jjieX) . (2.39) 
Finally, the r-projection to the minimal models with only even propagating spins reads 

r(yl[p]) = , r(P[p]) = (-l)§P[p] , (2.40) 

which is the unique choice since T(J[p]) = (— 1) 2 J[p] (and there is no condition on ^). 

In the (P[o] , ^[i])-sector, which forms a closed subsystem, the assignement of A: -parity combined 
with the freedom in redefining Aa can be used to replace ||2l 

(^1,^2; ^1,^2) ^ (o,(i-^i)*(-^)*^2;0,(i-^i)*(-^)^^2)- (2-41) 

Imposing also reality and parity conditions, of which the latter is a multiple choice parametrized by 
e = ±1 , the remaining interaction function (1 — ^i)*^"'^) * ^2 becomes real and odd, hence defining 
the new master field 

= (1 - ^i)'^^"^) *^2*^"*-P+ , (2.42) 

obeying the twisted reality condition (<I>)^ = 7r(<I>) and the parity condition P{^) = e<I> leading to a 
physical scalar that is even under parity for e = 1 and odd under parity for e = —1. Finally, one may 
project out the odd spins by imposing t(<I>) = 7r(<I>) yielding the minimal bosonic models. 
Assuming linear interaction functions 

^i = biB , ^j = bjB , ^jj = CjjB , (2.43) 
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and defining a total central element 

J = J[2] + J[4] (2.44) 

via 

B^J^2]='^i*J[2]+'^i^J['A ' ^*%] = > (2-45) 

J[2] = - ^ [dz2(6i + b2kK) + dz2(6j + 63 Ai k) ] ★ P+ , (2.46) 

J[4] = — - dz^dz'^ \cii + C2ik K + Cy^k R + C22 k k] * P+ , (2.47) 
the reality, /c -parity and P-parity conditions imply 

iJ[p])^ = - (eiR)'^J[p] , vrfc(J[p]) = -(efc)'^J[p], P(J[p]) = (e)i(e)'^J[p] , (2.48) 

which constrain the parameters {bj, bj, Cjj) . These conditions admit nontrivial solutions for J^j for all 
combinations of signs except for efc = e = — 1 since = — 1 implies that e = +1 . 

3 Generalized Hamiltonian action principle 
3.1 Graded cyclic chiral trace 

Vasiliev's equations are formulated in terms of master fields which one may think of as functions on a 
total space called correspondance space , that is locally a product space x 3 x 2) where 3 and 2) 
are two copies of a non-commutative twistor space and denotes a coordinate chart of a commuting 
base manifold M , see Appendix ID] for more details. In order to build an action principle, we need to 
integrate over the correspondance space. The integration over £ of a globally defined {p + l)-form ^ is 
defined by 

= V / Tr[/^] , (3.1) 
where denotes a symbol of ^ and the chiral trace operation is defined by 

tl'iax?) (2vr)^ (27r)2 

using the decomposition /[p] = ^ „ + , + ^ ^ /[m;<7,5] with 

9.9 ^ 2 

/[^.,,5](AdX^'^;;udz",/idz") = A'"/xV^/[^.g,,-](dX^;dz'^,dz"), (3.3) 

and with integration domain consisting of real contours for and respectively, that 

is, one performs separate integrations over the holomorphic and anti-holomorphic variables treated as 
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independent real variables (for related discussions, see e.g. Appendix G of II38I ). The choice of the 
chiral integration domain (instead of the complex integration domain) implies that 



Tr[7r(/)] = Tr[7f(/)] = Tr [/] 



which in its turn implies graded cyclicity, 



Tr 



(3.4) 



(3.5) 



as can seen by expanding /[p] = {f\^p^^ + /[pj "* * /c) * P+ idem f^^,^ which yields 



Tr 



f[p] * /['p'] 



Tr 



(3.6) 



where the second term is graded cyclic by virtue of the chiral integration. Furthermore, the chiral trace 
operation commutes to hermitian conjugation and is invariant under P and vr^ , 



Tr 



Tr[P(/)] = Tr[/] , Tr[7rfc(/)] = Tr [/] 



(3.7) 



Finally, one may seek to impose boundary conditions in 3 x 2) such that the integration contours can be 
rotated from real to imaginary axes in the sense that 



Tr[r(/)] = Tr[/] 



(3.8) 



We shall finally assume that the integration over C is non-degenerate such that if Tr[f -k g] = for all / 
then = . It is an interesting open problem to understand whether the vr, P and r symmetries could be 
violated on classical observables evaluated on exact solutions that one may seek to interpret as describing 
topology changes of the twistor space which we leave for future studies ll39l . In what follows, we shall 
always assume that the discrete symmetries hold off shell. 



3.2 Odd-dimensional bulk (p e 2N) 
3.2.1 Action principle 

In the case of an odd-dimensional base manifold of dimension p+1 = 2n+5 with n G {0, 1, 2, . . . } such 
that dim(M) = 2n + 1 , the duality-extended equations of motion follow from the variational principle 
based on the generalized Hamiltonian bulk action 



^ JAIf 



(3.9) 



Ui.DB + Vi.(F + W{B, U; J^^) 
with interaction freedom ^ and locally-defined master fields decomposing under total form degree into 



[3] 



l[2m-l] 5 



B 



B[o] + B[2] H h -B 



[2m-2] ) 



(3.10) 
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[7 = [/[2] + [7[4] + • • • + f/p™] , ^ = ^[1] + 1^[3] + • • • + l^[2m-i] , m = n + 2. (3.11) 

The function 5^ must be constrained in order for the action to be gauge invariant and in order to avoid 
systems that are trivial. In what follows, we shall consider the special case 

^ = ^{B; f^) + W{U] f^) , (3.12) 

^ = ^i{B)^J(^^+.^j{B)^jI^+.^jj{B)^jII, (3.13) 

^ = ^o{u) + Wi{u)^Jl^-^ + Wj{u)^Jl-^ + Fri{u)^Jll, (3.14) 

where the (non-) vanishing of the coupling A := du^o\u=o implies that the target space is equipped 
with a Poisson (symplectic) structure. In the case of a proper Poisson structure with A = the action 
cannot be written as a boundary term. 

Denoting = {A, B,U,V) , the general variation of the action defines generalized curvatures 
as follows: 

SS = J2 f Tr * SZ^^ij] + V / Tr[Ui^5B -Vi.6A] , (3.15) 
where one thus has 

= F + ^ + ^, = DB + {Vdu)*^, (3.16) 

= DU - {VOb)*^ , = DV+[B,U]^, (3.17) 

with ffij being a constant non-degenerate matrix (defining a symplectic form of degree p + 2 on the 
N-graded target space of the bulk theory). Treating and dZ^ as independent variables, one has the 
differential identities 









(3.18) 


D^^ - [ 






(3.19) 


D^^ - [ 






(3.20) 




D^^ -[^'^,Vl-[^'',Ul + [^^,Bl = 




(3.21) 



with dZ* -independent quantities = £/^{Z^) given by 

= -(^(^vdu)*^)dB*^ + {{VdB)*<^)du*^, (3.22) 

= {{VdB)*<^)du*{Vdu)*^, (3.23) 

= {{Vdu)*^)dB*{VdB)*^ , (3.24) 

= 0, (3.25) 
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where the last identity follows from 

[u, (vdu) ^W], = - [V, J\ , [B, (vdB) * 



(3.26) 



The quantities ^* thus represent obstructions to generalized Bianchi identities off shell and hence to 
Cartan integrability of the unfolded equations of motion ^* ?a , where in this Section we use weak 
equalities for equations that hold on shell. These obstructions vanish identically (without further alge- 
braic constraints on Z*) in at least the following two cases: 



biUnear Q-structure : ^ = B -k J , <^ = "^[2] + -^[4] > 
bilinear P-structure : ^ = U ^ J' , J' = J'2] + J'4] , 



(3.27) 
(3.28) 



where the central elements are expanded as in Eqs. (12.44 I i- (I2. 47b . 

At this stage it is useful to recall (see Appendix O that if = dZ* + JS^Z^) defines a set of 
generalized curvatures, then one has the following three equivalent statements: (i) obey a set of 
generalized Bianchi identities — {M^ dj) ★ =S* = 0; (ii) transform into each other under Cartan 
gauge transfomiations J^Z* = de* — (e^dj) * JS"^ ; and (iii) the quantity ^ := J^^di is a Q-stmcture, 
i.e. a nilpotent vector field of degree one in target space, viz.. ^ * =S* = . Furthermore, in the 
case of differential algebras on commutative base manifolds, one can show that if ^* are defined via a 
variational principle as in (13.151 ) (with constant ^ij), then the action S remains invariant under (^gZ* . 

In the two Cartan-integrable cases at hand, one thus has the on-shell Cartan gauge transformations 



De 



B 



(3.29) 
(3.30) 
(3.31) 
(3.32) 



Dv^ -[e^,Vl-[e'',Ul + [v'',Bl. 
These transformations remain symmetries off shell as can be seen using the following set of identities: 
bihnear P-structure : Tr [ J' ★ y * (VOb) ★ (e ^Ob) * ^] = , (3.33) 

Tr[V*{DBdB)*{e^dB)*<^ + DBi.{VdB)*{e^dB)*^] = 0, 



TV [7?^ * (DBOb) ir^-DBir (ri^dB) * ^] = 0, 



bilinear (^-structure : Tr 

Tr 
Ti' 



J*Vi<{Vdu)*iri^du)*^ 



= 



V * (DUdu) *{r]^du)*^ + DU* (Vdu) * (r/ ★ ^ 



r/^ * (DUdu) -DUi.{ri'' du)i^^ 



. 



(3.34) 

(3.35) 

0, 

(3.36) 
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More precisely, the (e ^, e ^)-symmetries leave the Lagrangian invariant while the [rj^ , ^) -symmetries 
transform the Lagrangian into a nontrivial total derivative, viz- 

6e,r,^ = d {Tr [t]^ Jtu + rj^ * J^v]) , (3-37) 
for {Jfu, '^v) that are not identically zero. It follows that the Cartan gauge algebra g is of the form 

= 01 (± 02 

with 01 = span{e"^,e^} and 02 — span{r/^, r/^} , as one can verify explicitly using the formulae 
(IC.15I ) given in Appendix O 



3.2.2 Global formulation, boundary conditions and embedding of Vasiliev's original system 

Exponentiation of the infinitesimal Cartan gauge transformations leads to locally-defined gauge orbits 
consisting of elements (see Appendix lAl) 



Z 



A,dA;Z, 







^A,dA;Z 



exp^ 



A,dA;Z 



9^A,dA;Z 



A,dA;Z 



■ 7. * 



d 

dZ^ 



(3.38) 



(3.39) 



where A* and Zq, respectively, are gauge functions and representatives of the orbits defined in coordinate 
charts of the base manifold. On shell, one has 



d-^A,dA;Zo + =^*(-^A,dA;Zo) ^ 0' 



(3.40) 



as can be seen by first writing d oS^dA — where ■= dX'd/dX^ and 



and then 



usmg 



•'J 



\,d\:Z 



= and 



exp^ 



exp^ 



* = ( [exp^ ^ 

for any vector field ^ and ^-functions ^ and J^' (see Appendix 0for details). 

In particular, it follows that the space of (locally-defined) classical solutions to the duality extended 
{A, B; U, y)-system contains a subspace of (locally-defined) classical solutions to the duality extended 
{A, i?)-system, obtained simply by setting U = = V . The {A, S)-system contains in its turn a subset 
of the (locally-defined) solutions to the original Vasiliev system in form degrees and 1 . The converse 
issue, whether any given (locally-defined) exact solution to the original Vasiliev system can be uplifted 
to the {A, i?)-system, requires, however, a more careful analysis of the gauge orbits in degrees greater 
than 1 (due to the non-polynomial dependencies on the integration constants for the Weyl zero-form and 
the zero-form gauge functions). 



Turning to the global formulation, it follows from Eq. (13.371 ) that the gauge pai^ameters (e^ 



A B\ 



can be locally defined on M , that is, defined independently on the coordinate charts Af^ — provided 
that the action is not perturbed by impurities that break some of the (e^, e^)-symmetries, as for example 
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in the soldered phase where perturbations break the local translations in e^'^l . From Eq. (13.371 ) it also 
follows that {rj^ ,rj^) G 02 need to be defined globally on M , that is, (r/^, and (??^, must 
be related by transition functions {t^ } across the chart boundary between and M^i ; in practice this 
means that one may take {rj^ , r]^) to have compact support in . 

The unbroken phase of the theory thus consists of local representatives = {A, B;U,V) \^ defined 
up to gauge transformations with parameters (e^;e^) that are unrestricted on dM^ and parameters 
(??|^ , V^" ) with the aforementioned restrictions on dM^ , with transitions of the form 

Zi = ^1' * defined on n M^/ , (3.41) 

where = exp^ dt;z|^ with transition functions t| € gi defined on n M^/ . 

More generally, softly broken phases of the theory arise by taking the transition functions {t^ } to 
be generated by various unbroken subalgebras I C . Their moduli spaces .-#| can be coordinatized by 
classical observables t^i that are manifestly [-invariant off shell and diffeomoiphism-invariant on shell 
(one may thus think of the unbroken phase as the smallest homotopy phase for a given base manifold; 
it can be embedded into various broken phases). Of particular interest is the soldered phase in which the 
action is perturbed as to softly break the gauge symmetries associated with the vr-odd projection of A^i^ . 
The unbroken gauge algebra in this case thus consists of the vr-even projection ^(1 + 7r)e'^'y together 
with the remaining e-parameters of positive form degree. 

Hence, to achieve a globally well-defined variational principle, one considers globally-defined field 
configurations off shell consisting of locally-defined representatives {^|} related on chart boundaries 
via transitions (13.411 ) for a given structure algebra I ^ g^ . The manifest gi-invariance impUes that in the 
general variation (I3.151 l. the contributions from two adjacent boundaries dM^ and dM^i cancel; on such 
a boundary one has the transition functions {t = t^) 

6t{SA) = -[t^,SAl-{SBdB)*{t''dB)*^ , (3.42) 

6t{6B) = -[1^^,631 + {t^, 6 A}, , (3.43) 

6tU = -[t^,Ul + {t^dB)*{VdB)*^^ , (3.44) 

6tV = -[t^,Vl-[t'',U],, (3.45) 

which implies that (t = t| ) 

6tl [ Ti [U * 6B - V i< 6A]] (3.46) 

\JdM^ J 

= [ Ti[Vi<{5BdB)i^it^dB)i<^^ -SBi<{VdB)i<it^dB)*^^] =0. (3.47) 
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One is thus left with contributions from true boundaries dM^ C dM (including boundaries of homotopy 
cylinders surrounding impurities of co-dimension greater than one). It follows that the natural boundary 
conditions compatible with the locally-defined gauge symmetries are the Dirichlet conditions 

{U,V)\aM = 0. (3.48) 
In summary, a classical solution can thus be specified by fixing 

(i) the transition functions {t^ } € [ C ; 

(ii) an initial datum for the zero-form i?[o] , say 

S[o]|p = C{Y;k~k) , (3.49) 
at some given point p G ^ in the base manifold; 

(iii) boundary conditions on the gauge functions associated with the softly-broken gauge symmetries, 
viz. 

X\qm for A € Qi/l ; (3.50) 

and 

(iv) the boundary conditions (13.481 ) on the Lagrange multipliers. 
3.2.3 Duality extended spectral flow with Lagrange multipliers 

The equations of motion ^* of the extended Lagrangian system = {A, B; U, V) with bilinear 
P and Q structures (i.e. linear and ^ functions) are compatible with the extended flow equations 
LiA LiB (or equivalently LiB' 0) and 

LiU « fiiV * {d^A) - fM2{d^A) * V , LiV « fiiV * {d^B') + i^i2{dyB') * V , (3.51) 

with flow operator Li given by ( 12. 19b and the redefinition 

B = ul + gB' , V = gV' , u,g e C. (3.52) 

We have not found any generalization of the spectral flow to the Lagrangian systems with higher-order 
P- or Q-structures (i.e. nonlinear ^ or ^ functions). 
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3.2.4 Consistent truncations off shell 

Reality conditions can be imposed off shell by requiring the action to be either real or purely imaginary, 
viz- 

('S'buik)^ = es'-S'buik > (3-53) 

leading to the following reality conditions on the Lagrange multipliers and the function ^ appearing in 
the generalized P-structure: 

([/[p])t = e5(eKr+f [/[p] , (V^[p])1" = -esCeRr+'^Vfp], (3.54) 
(^(A))t = - eK=^(es(eMrAt) , (^^liX))^ = -^liesie^rX^) , (3.55) 

(^j(A))^ = eu:^jjies{e^rX^) . (3.56) 

From Tr[7rfc(-)] = Tr[-] it follows that in the case of vTfc -projection then the A;-parities must be coiTclated 
as follows: 

#o(-(efcrA) = 6fc=?o(A) , F/(-(efcrA) = (-l)^+iF,(A) , (3.58) 
^iji-{e,rX) = ek{-lY^'^jj{X) . (3.59) 
To fix spacetime parity one may impose (e, e = ±1) 

= 6(6e)"+i[/[p] , P{V[p]) = (ee)"+"*^V[p] , (3.60) 

#o(e(6e)"A) = ee^(A) , ^-(A) = =FKe(ee)"A) , ^,j(A) = e6F^j(e(ee)"A) . (3.61) 
Finally, assuming Tr[r(-)] = Tr[-], the projection to the minimal bosonic model takes the form 

= , r(y[,]) = (-l)-+^F[pj , (3.62) 

^((-1)"A) = ^(A) , =FK(-irA) = ^/(A) , (3.63) 
=^7J((-1)"A) = ^ij-iX) . (3.64) 

3.3 Even-dimensional bulk (p e 2N + 1) 

In the case of an even-dimensional bulk, say of dimension p + 1 = 2n, one has the action 

S^\^],[A,B;S,T] = [ Ti\Si.DB + Tir{F + ^) + W{S;J^,J^,J^-^)*T] , (3.65) 
where W is an interaction ^-function obeying 

W{-X) = W{X) , W{0) = , (3.66) 
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and the form degrees are assigned as follows: 

A= ' ^ = E ' (3.67) 

m=l,3,...,p m=0,2,...,p— 1 

S = ^ ^jm] , T = ^ Tf^] . (3.68) 

m=l,3,...,p m=0,2,...,p— 1 

The variational principle yields the generalized curvatures 

= F + ^ + W{S) , = DB- (Tds) * W{S) , (3.69) 

= DS + {TdB)*<^ , = DT+[S,B]^. (3.70) 

The action is gauge invariant and the equations of motion are integrable in the case of 

bilinear Q-structure : ^ = J*B, (3.71) 

for which the integrability of Si'^ follows using the identity 

{S,{Tds)*^}^ = [T,W]^, (3.72) 

that holds for general even ★-functions W . The Cartan gauge transformations off shell are given by the 
on-shell transformations. 

4 Discussions 

Let us summarize our results, speculate on future directions and finally conclude by trying to place our 
work and ideas into the more general state of affairs. 

4.1 Summary 

In this paper we presented an action principle for a duality extended version of Vasiliev's equations for 
interacting higher spin gauge fields (including gravity) in four dimensions. 

The duality extended version consists of differential fomis of degrees p € {0, 1, 2, ... } forming two 
master fields B = ByQ\ + By2\ + • • • and A = Ayi\ + + • • • , and their Lagrange multipliers which 
are differential foniis of dual form degrees of degrees p — p where p + 1 is the dimension of the base 
manifold (including the twistor Z-space). The initial and boundary data associated with the Lagrange 
multipliers are removed by means of boundary conditions compatible with the variational principle. As a 
result, the Lagrange multipliers can be set equal to zero on shell, leaving A and B subject to the unfolded 
equations of motion dA + A-k A + J * B and dB + A-kB — Bi^A^O where J = Jj2] + J[4] is a 
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closed and central element. This system contains Vasiliev's original equations in degrees zero and one, 
viz. dA[i] + ^[1] -k + J[2] ★ B[o] ~ and dSjo] + Ajy -k - -k ^ 0. 

An important point that remains to be established is whether the coupling Jj4] B is nontrivial in 
the sense that it cannot be redefined away. In Vasiliev's original system, the coupling J^] k B (and its 
hermitian conjugate) is nontrivial; it is indeed this term that reproduces the nontrivial interactions in the 
second order in curvature in the effective unfolded equations of motion in the perturbative expansion 
around a non-degenerate vierbein BOl . The reason J^j k B is nontrivial is that the central teiTn J^j 
contains the inner Kleinian k (that becomes a Dirac delta function in the Weyl order of the (Y, Z)- 
oscillator algebra). We note that also J[4] contains such "singular" elements, namely Jj^^ -k B (and its 
hermitian conjugate) and Jj^| * B. 

The duality-extended i?)-system is perturbatively equivalent to Vasiliev's original (^[i], Sp])- 
system: 

i) both systems share the same Weyl zero-form B[o] ; this master field contains the initial data as- 
sociated with the Weyl curvature tensors, which contain one-particle states and other local de- 
formations of the system such as for example the massive parameters of the black-hole solution 
of ED. 

ii) the master fields with positive form degree (including ^[i]) bring gauge functions on shell. In 
topologically broken phases, the boundary values of gauge functions associated with topologically 
broken gauge symmetries may contribute to observables; see Appendix [A] Thus the original and 
duality-extended systems share the same observable gauge functions in the unbroken phase (where 
no gauge functions are observable) and in broken phases where projections of Ayi\ are broken (such 
as for example the vr-odd projection containing the ordinary vierbein). 

We wish to stress, however, that if one has an exact solution to the duality-extended {A, i?)-system, then 
it by construction contains an exact solution to the original system. As known from ll42l . there exist exact 
solutions of the original system for which the connections exhibit critical behaviors for finite amplitudes 
of Sjo] (as can be described invariantly using zero-form invariants). Thus it is not clear whether a given 
exact solution to the original system can be uplifted to the duality-extended system, as new critical 
phenomena may arise in potentials in the duality-extended sector. 

We also wish to stress that the action principle involves an integration over a base manifold given by 
the product of an ordinary commuting base manifold (containing four-dimensional spacetime) and the 
non-commutative twistor Z-space. The Lagrangian also contains an additional integration over the inter- 
nal twistor y-space — which one may think of as contracting indices related to various representations 
of an internal higher-spin Lie algebra. 
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In this sense, if one was to take our action principle seriously as a starting point for quantizing higher- 
spin gravity, one would have to address the issue of boundary conditions on the internal connection 
{Aa,Aa) in Z-space. In the standard perturbative expansion in the Weyl zero-form B^, it is usually 
assumed that [Aa, Aa) is pure gauge in the limit where B^q^ vanishes. However, as found in ll42l . there 
ai^e "topologically nontrivial" exact solutions based on projectors in which {Aa,Aa) remains nontrivial 
for vanishing B^, whose physical meaning remains to be understood better. 

4.2 Outlook: AKSZ-BV quantum action and unfolded quantum field theory 

The action principle proposed in this paper is an example of a generalized Hamiltonian action principle 
for an associative free differential algebra on a noncommutative base manifold. More generally, as fai^ 
as the off-shell formulation of free differential algebras is concerned, one may think of three different 
levels of complexity depending on whether the algebra is associative and commutative, or associative and 
non-commutative, or of strongly homotopy associative type. In the commutative case, the BV quantum 
action is of the AKSZ-BV type and it has been proposed that the perturbative quantization (with suitable 
boundary conditions on Lagrange multipliers) yields master theories of the homotopy type (with i-ary 
products arising via terms in the Hamiltonian that are of ^-th order in the Lagrange multipliers). 

In our case, there exists a quantum action of AKSZ-BV type which we shall present elsewhere. 
Moreover, the classical {A, B; U, V) system extends naturally to the strongly homotopy associative case 
and there are indications that its completion off shell leads to an AKSZ-BV-hke quantum action (within 
a suitable Noether procedure). It is thus tempting to speculate that there exist quantum theories based on 
layers on "n-quantized" unfolded quantum field theories such that each layer is the master theory of the 
layer below with radiative corrections interpreted as a topological sum, giving rise to third-quantization. 

Pursuing these ideas, one is led to attempt to identify Vasiliev's equations as the master equations for 
an underlying first-quantized topological open string: the system on the commutative manifold appears 
related to an underlying A-model; and the system on the noncommutative twistor space appears related to 
a B-model H3l . More generally, one may deform the bulk action with various topological vertex opera- 
tors inserted on finite-dimensional sub-manifolds: these are gauge-invariant functionals whose variations 
vanish on shell (so that the standai^d first-order action is an example of such a deformation) and whose 
values on shell can be interpreted as amplitudes lOTl [TTl [TSl . There are many such deformations, each of 
which one may seek to relate to an underlying first-quantized dual, such as for example the holographic 
dual in three dimensions for which one may propose a topological vertex operator that is a four-form 
flU. 

The perturbations of the bulk action by various operators also provides a systematic approach to 
symmetry breaking mechanisms: for example, one has topological mechanisms (homotopy phases). 
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spontaneous mechanisms (classical solutions) and dynamical mechanisms (radiative corrections). 

More radically, one may go so far as to elevate the aforementioned layered structure of unfolded 
quantum field theories into a quantum gauge principle, i.e. a set of mathematical rules that are nontrivial 
in the sense that they are meant to hold for any physical (quantum) system. In particular, the Cartan 
integrable free differential algebra of the nth layer, with its exterior derivative d (on a base manifold) and 
Q-structure (in a target space), should arise from the BRST operator of the (n — l)-quantized system 
(subject to radiative corrections but with trivial topology as the topological sum of the (n — l)st layer 
should correspond to the radiative corrections of the nth layer). In other words, the quantum gauge 
principle is meant to contain Cartan's version of Weyl's classical gauge principle. 

In other words, the idea is that generic quantum system should not abide by the quantum gauge 
principle making it nontrivial. We believe, however, that the Vasiliev system is a candidate for (a massless 
sector of) a system compatible with the quantum gauge principle. 

4.3 Conclusions 

As far as four-dimensional higher-spin gravities are concerned, the only fully nonlinear models that 
are known up to this date are those that have been obtained within Vasiliev 's formalism. Vasiliev 's 
formalism provides a general framework for higher-spin gravities based on free differential algebras on 
noncommutative manifolds taking their values in internal associative (super)algebras. 

All models arising within this framework are based on one and the same universal equation of motion; 
different models arise by choosing different base manifolds and associative algebras. In this sense, all 
models arising within Vasiliev 's framework can be viewed as various Yang-Mills and supersymmetric 
extensions of a basic minimal bosonic model consisting pertui'batively of a scalar field, a metric and a 
tower of Fronsdal tensors of ranks {4, 6, . . . } . 

Strictly speaking, these perturbative fomiulations arise only under a set of extra assumptions (on 
boundary conditions in twistor spaces); whether the resulting perturbative models exhaust all mathe- 
matical possibilities within the perturbative Fronsdal programme is an open problem though there are 
uniqueness theorems to low orders. 

Remarkably, notwithstanding its somewhat peculiar features in comparison to the more traditional 
approach to lower-spin gravities, the perturbative expansions of Vasiliev's equations around its anti-de 
Sitter vacuum appear pai^adigmatic as far as holography is concerned, that is, it reproduces the simplest 
possible candidates for holographic duals of higher-spin gravities P3] l46l |47] l48l ; see for example the 
recent works in iHOlBOl 15X11521. 

Vasiliev's equations admit, however, exact solutions that involve moduli that are not visible in the 
perturbative Fronsdal Programme (for example solutions activating the internal connections in twistor 
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space but not the Weyl tensors). The formalism also admits extensions by differential forms whose 
exterior derivatives vanish identically in the linearized approximation which one may think of as analogs 
of the three-dimensional gauge fieldj^ 

Taken altogether, the state of affairs motivates a more careful examination of whether the full field 
content of Vasiliev's unfolded formalism should be treated as the actual fundamental field content. In 
Vasiliev's system, Fronsdal's equations appear in a precise perturbative sector and most likely the com- 
plete theory requires to consider the twistor Z-space on an equal footing with spacetime. In this ap- 
proach, the aim becomes to include all unfolded variables (differential forms) into the action principle, 
which leads more or less directly to the type of generalized Hamiltonian bulk actions considered in this 
paper and in fact already considered in |l3], albeit in its simpler version without any Poisson structure. 

These action principles lend themselves naturally to the BRST treatment leading to generalized 
AKSZ-BV models, which is the stage at which we are now. The resulting open problem is how to con- 
nect back to the perturbative quantization scheme within the Fronsdal Programme with its clear physical 
interpretation. To this end it is natural to examine various perturbations of the bulk action, which we 
leave for future studies. 

Note added: The results in this paper were partly presented by PS. at the IVth International 
Sakharov Conference on Physics, 18-23 May 2009, Lebedev Institute (Moscow), and at the Interna- 
tional workshop on Gauge Theories, Supersymmetry, and Mathematical Physics, 6-10 April 2010, Lyon, 
France. 
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A Free differential algebras on non-commutative base manifolds 

Vasiliev's on-shell formulation of higher-spin gravity makes use of a version of unfolded dynamics that 
is based on associative free differential algebras with central and closed terms. Such an algebra encodes 
the following key structures: 




^These forms appear in the fc-independent part of B^^] and the fc-hnear part of Aj^j . 
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and it describes the moduli space of 2l-valued sections {Z'^}i(zy over a noncommutative base mani- 
fold *B, subject to universally Cartan integrable flatness conditions on generalized curvatures 

:= dZ' + ^\Z,J) 0, i J , (A.l) 

and defined modulo unbroken Cartan gauge transformations generated by t, a subalgebra of the Cartan 
gauge algebra q . 

The {Z"^} are the fundamental (classical) fields of the unfolded system; we refer to as the master 
field of flavor i. The master fields are differential forms in degrees pi = deg(Z*) G N (including 
zero-forms). They can be acted upon with the exterior derivative d and composed using the associative 
noncommutative product ★ = *A combining the product on 21 and the composition of differential forms 
on !B (represented by symbols). The following rules apply: 

deg(Z^*Z^) = deg(Z^) + deg(Z^) , deg(d) = 1, (A.2) 

d(Z^ * Z'J) - {dZ^) ★ Z^ - (-l)dcs(^')z^ * {dZ^) = , (A.3) 

(Z* * Z^) * Z^ - ★ {Z^ * Z'^) = . (A.4) 

Locally, in the coordinate charts c !B, labelled here by an additional chart index, the sections have 
local representatives 

Z| G 0(*B5)®21. (A.5) 

The structure functions =S'(Z, J) in (lA.ll ) are given by *-power expansions in Z* and an additional 
set { J^} of globally defined elements that are central and closed, viz.- 

G 17(*B)®21, dJ^ = 0, J^*Z^-Z**J^ = 0, (A.6) 

hence generating a closed and central subalgebra 

Z C 17(*B)(8 2l. (A.7) 

The structure functions can thus be presented as 

n 

with coefficients £2^-^ ( J^) G 5 that need not be graded symmetric in their lower flavor indices (due to 
the non-commutativity of ik). The universal Cartan integrability of (lA. Il l is tantamount to compatibility 
with d^ = on base manifolds *B of arbitrary dimension. Using the notation for ^-vector fields (see 
Appendix ICl). this amounts to that 

= 0, J := ^^(Z^ J^)9i , (A.9) 
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or equivalently, that the coefficients obey 

ni 

ni+n2=n—l m=l 

where the flavor indices ji, . . . , j„ are not subject to any graded symmetry. 

The universal Cartan integrability implies that the constraint surface remains invariant under the 
Cartan gauge transformations 

5eZ' = ^eAe;Z*Z' := de* - ^ * ^\ ^ := e'di, (A.ll) 

which are linear in gauge parameters e* and in general nonlinear in Z*. These transformations form a 
soft gauge algebra g that exponentiates into generalized (or soft) group elements 

^x,z ■■= exp^^x,dX;Z (A. 12) 

generated by (finite) gauge functions A* . The space of locally defined solutions to := + 
J^) is given formally by Cartan gauge orbits, viz.. 

^€ = {^x,z : A = , = Z^J , (A.13) 

where A^ and Z'^^ are locally-defined gauge functions and reference solutions, respectively; the refer- 
ence solution obeys i) the constraints dZ^,^ + J2'^{Zci., J) ~ 0; ii) an initial datum (Z^^|[o])|pj = C| 
where G is a base point and (•)|[o] denotes the projection to zero form degree; and iii) a physical 
gauge condition (to select a well-defined particular solution and avoid over-representation). Interestingly 
enough, the unfolded formulation of higher-spin gravities appears amenable to the implementation of the 
above form of Cartan integrability at least in sub-sectors of the theory. 

The moduli space ^[ is obtained by first gluing together locally-defined modules by means of 
transition functions valued in the unbroken gauge algebra [ C g, viz- 

where the parameters are defined on (cylinders homotopic to) the overlaps 55^ PI (we ai^e assuming 
that 55 = 55^). The gluing compatibihty implies that 

Z}.^ = Zh foralU, (A. 15) 

where thus C is (gauge non-invariant) constant of motion, and that 

= , (A. 16) 

which is a nontrivial gluing condition on the gauge functions. The coordinates on are gauge-invariant 
and intrinsically defined observables ffi, that is, functionals of the master fields constructed out of local 
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functionals that are manifestly [-invariant off shell and intrinsically defined, i.e. independent under any 
particular choices of local data on the base manifold and hence manifestly diffeomorphism invariant 
(consequently non-local). The manifest [-invariance implies that ~ -k^^ ★ (^^')~^ where is 
generated by I . Thus, in view of (IA.16I ). one has that 

^5 ~ * where '^^ is generated by [, (A. 17) 

that is, the gauge functions in can be taken to be valued in the coset 
For example, one may consider homotopy charges given by integrals 

:= I {uj^ + k^), S' € [S] (A.18) 
Jt.' 

over nontrivial p/^-cycles [S] of p/j-forms uj^[Z, J] and k^[Z, J] that are manifestly [-invariant, i.e. 

5e{oj^,k^) = , e G [, (A.19) 

and defined by the equivariant cohomology system 

da;^ + /^(^) « , « dfc^ls,^, , (A.20) 

where Ecyi is a cylinder of finite thickness containing S; the homotopy invariance of de Rham coho- 
mology classes then implies that H^^^^{Ticy\) = so that /^|scyi must be exact, that is, given by the 
exterior derivative of some p/j-form k^ that is globally defined on S (and hence gauge invariant). Thus 
the integral over S, which must necessarily be split into several charts, say {S^}, makes sense and is 
independent of the choice of S'. A variation J^A* = in the gauge functions thus induces a change in 
(w^ + A;^)|sj given by 

5,(a;^ + A:^)|s, = dX^e^) , (A.21) 

where X^(e^) is a linear functional in e^. By the [-invariance, one has that X^(e^) is invariant under 
[-transformations that act simultaneously on and the gauge parameter (c.f. the BRST treatment where 
the gauge parameter is promoted into a ghost). It follows that 

which can be split into contributions from chart boundaries in the interior of *B and from tme boundaries 
of *B. The former must cancel identically if one assumes that the choice of where to cut the interior of *B 
into charts should not be of no importance. Taking into account the signs coming from orientation, this 
is a consequence of the fact that {A*} forms a globally defined section (of the soft [-bundle) as stated in 
(IA.16b . One thus has 

= X^^d > (A-23) 

that is the only physical dependence of the gauge functions enters via their boundary values, which one 
may view as an unfolded version of the holographic principle. 
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B Duality extension 



We consider an associative free differential algebra consisting of master fields and structure coef- 
ficients jn^"^^) °^ fixed degrees, say deg(Z*) = G N and deg(<^*^ = p*-^ € 2N. 
This system can always be duality extended (without adding any new local degrees of freedom) by i) 
replacing by := Zj^^2fc]' ^'^'^ ii) exploiting field redefinitions to introduce coupling constants 
g\fj\ and then replace these by g{J^) := Ylk9[2k\- It follows that the extended system {Z"^ ,g} contains 
the original system {Zj^ j, (^p]} as a consistent subsystem, though the added master fields Zj^^2fc] ^i^h 
k > Q cannot in general be set equal to zero, since they are sourced from {-2^*^ ]} via terms involving the 
new couplings gy2k] with A; > 0. 

One may refer to the duality extension as non-trivial if the central elements cannot be removed by 
redefining the master fields; we are not aware of any general condition that guarantees non-triviality. 

C Further details: vector fields and Cartan integrability 

In this Appendix we go into the technical details of ^-functions, ^-vector fields and Cartan integrability 
that were introduced in Appendix El Let us first recall the general idea of a free differential algebra 
on a non-commutative base manifold !B consisting of graded associative algebras generated by sets 
{Z|}igj/' of locally-defined differential forms subject to generalized curvature constraints 



dZi + ^\Z^,J) « 0, (C.l) 



where J2 := 5^ is a composite ★-vector field of total degree one subject to the Cartan integrability 
condition 

J * = . (C.2) 
Here we use the following notation and conventions: 

(i) ^ labels charts C *B with coordinates of degree zero and differentials dH|^ of degree one 
generating N-graded associative T^r-product algebras 

= Env[H|,dHj] (C.3) 

modulo the graded ★-commutators 

[Sf,Hf]. = 2.n^'^^, [Ef,dEfl = 0, [dHf,dHfU = 0, (C.4) 
where n^^^ is a constant matrix (defining a canonical Poisson structure 11 = II^^^Sm ® d^)', 
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(ii) the action of the exterior derivative d = dE^d/dE^^ in Jl^ is defined by declaring that 

d(Hf) = dHf , d{f*g) = (d/)^5+(-l)d^g//*(d5), (C.5) 
for elements f,g^ft such that / has fixed form degree deg/ ; one has 

d^ = . (C.6) 

(iii) the locally-defined differential forms Z| G i}p (S> O* , where is the subspace of of fixed 
form degree nii and G* can be either ai^e finite-dimensional internal tensors (such as for example 
Lorentz tensors) or sectors of an internal associative algebra 21; 

(iv) the graded associative ^-product algebra IH^ := Env[Z|] 3 where J is a space of central and 
d-closed elements (including the identity), i.e. if € then 

^ = ^ ^il...in * -^5^ * ■ ■ ■ * -^g" ) '^jl-.-jn ^ 5; (C.7) 

(v) a composite tIt- vector field ^ is a graded inner derivation of 9^, i.e. if ^' G then 

* * = (^^ * ^) * ^' + (-l)deg(^)dcg(^)^ ^ ^ ^ (c_8) 

provided that and ^ have fixed degrees. In components, one writes 3^ := ^^{Z^)di where 
.3^^ := 3^ -k Z"^ (and di = d i). The graded bracket between two composite ^-vector fields is 
defined by 

^% * ^ := ^ * * ^) - (_i)dcg(^)deg(^');^' * * ^) , (C.9) 

is a degree-preserving graded Lie bracket, i.e. , ■^']* is a graded inner derivation obeying the 
graded Jacobi identity [[^, + graded cyclic = . In components, one has 

\$,'^\ = jr'^-(-i)^(^')'i^e(^');^'*^*)ai. (c.io) 

The Cartan integrability condition (IC.21 i. that can be rewritten [^,^]^ = 0, amounts to that ^ is a 
nilpotent composite ^-vector field of degree one. This condition ensures that the generalized curvature 
constraints are compatible with d^ = without further algebraic constraints on the generating 

elements Z| . One can also show that the nilpotency of ^ is separately equivalent to that the generalized 
curvatures obey the generalized Bianchi identities 

d^*-!^*^* = 0, where := St di , (C.ll) 
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and transform into each other under the following Cartan gauge transformations 

5eZ' = := de'-tir^\ where ^ ■= e' di (C.12) 
and where is an element in 6* that is considered infinitesimal and independent of , viz. 



The closure relation reads 

where the combined parameters e\2 's are given by 



12 ' 



'12 



The above results can easily be obtained upon introducing the even ★-vector field 
and using the following set of identities which are consequences of the first one: 

0,% ^ , 0,'9el = , [^e„^e,l ^ 0,^12]. 

where we recall the all the commutators are graded-commutators. 



(C.13) 



(C.14) 



(C.15) 



(C.16) 



(C.17) 



As discussed above, the local representatives IH^ are glued together on overlaps U 53^' by means 
of the transitions Z| = ★ where the transition functions ai^e soft group elements given by 
★-exponentials of the Cartan gauge transformations as in (lA. 12I) . From the Leibnitz' rule (IC.SI l it follows 
that these transitions are indeed isomorphisms, viz- 



★ ★ = ★ ^) ★ ★ . 



(C.18) 



We would like to show that, if satisfies the star-product equation dZ* + ^\Z^) ?a 0, then Zj^ := 
(exp^[^A,z])*Z^ where :=dA^ai-'^A [see O!])] satisfies the equation dZ{ + ^^(Za, J) «0, 
thereby exhibiting the fundamental integrability of the unfolded equations in the case where the free 
differential algebra £/ is endowed with a non-commutative star-product. We recall that 
Lemma: The following commutation relation is true: [^x, d]^, , where the weak equality means an 
equahty on the surface S = {dZ* + £'{Z,J)} = 0. 

Proof of the Lemma: On the surface S , the total exterior derivative d — A , where 



1 



d 



5V 

The proof is tantamount to showing that 

using the fact that \, ^ — A]^ is a ^-vector field, it follows that [^\, = 
an arbitrary star-product function -^{Z, A) . 



(C.19) 



Al^ ★ A' because then. 



A]^ ★^(Z,A) = Ofor 
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(a) First of all, it is trivial to see that [^\^^ — i^]^ ★A* = 0. Indeed, it gives '^\{dy) which 
vanishej^ 

(b) That X, ^ — Z'' = is more difficult to show. For that, we write 

n 

where =S! , G and compute 

Jl---Jn 

n 

n I3<a=l 
n 

n a<p=l 
n 

n a=l 

Regrouping all the terms, we find 

[^A,^-^]**Z^ = ^^dji<[{X''dk)*^']-[{X''dk)*^^dj*^' (C.20) 

which vanishes identically due to the second identity of (IC.17I) . 

Therefore, since A]^ is a star-product vector field, it follows that A) = 

for an arbitrary star-product function ^{Z, \) . □ 

Using the above Lemma, we have that Z^^ := (exp^[^;s^])*Z* satisfies the equation dZ^^ + {ZjJ ^ , 
since dZ^ = d [(exp,[:^A]) * Z'] = (exp,[:^A]) * dZ^ « _(exp,[:^A]) * ^\Z) = -J2'{Zx) . This 
proves the fomial Cartan integrability of the star-product unfolded equations. 

D The Vasiliev equations 

In the case of Vasiliev's equations, the master fields are locally-defined operators of the form 

0^(Xf , pI,, dXf , dPl,; Z^ dZ^^; Y^; e') , (D.l) 
where the non-vanishing commutators among the coordinates are 

[X'',PnI = i6fj , [Y^,Y^l = 2iC^ , [Z^,Z^l = -2iC^, (D.2) 



''We consider the algebra where the fields {Z'} and {A*} are considered as independent, in accordance with the BRST 
treatment of gauge systems. 
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with charge conjugation matri}(u C"^ = and C"^ = e"^ and where {e*}, i = 1,2, are two 
outer Kleinian operators. The operators are represented by symbols f[0^] obtained by going to specific 
bases for the operator algebra which one may also think of as ordering prescription^ One may think 
of the symbols as functions f{X,P,Z;Y;dX,dP,dZ) (with variables composed using commutative 
juxtaposition) on a coixespondence space 



= QS^ X 2) , QS^ = DJl^ X 3 



(D.3) 



equipped with a suitable associative star-product operation -k which reproduces, in the space of symbols, 
the composition rule for operators. Working within a restricted class of orderings, referred to as universal 
orderings, the exterior derivative on !B is given by 



d = dX^'^dM + dPM9'" + q 



M 



q := dZ^da 



(D.4) 



The master fields of the (duality-unextended) minimal bosonic model are an adjoint one-form 



W 



A = W + V, 
dX^ WMiX, P, Z; Y) + dPM W^^^iX, P, Z; Y 



and a twisted-adjoint zero-form 

$ = ^X,P,Z;Y); 
these fields obey the following projection and reality condition^: 



(D.5) 

V = dZ^VaiX,P,Z-Y) , (D.6) 

(D.7) 



(D.8) 



"'We raise and lower quartet and doublet indices using the conventions A— = C—A.p , and A" — e"^ \i) and Aq = \^ei3a , 

and we use the notation A ■ A' = A-Aq^, A ■ A' = A"A'„ and A ■ A' = A^Aj^ . 

^The symbols are thus defined modulo similarity transformations generated by inner automorphisms (related to the higher- 
spin gauge transformations) as well as changes of the order prescription, that is, changes of basis of the operator algebra. These 
types of transformations may have a drastic effect on the mathematical nature of the symbols, that may change from being a 
smooth or real analytic into being singular or even distributions. Thus, in order to extract physically meaningful information 
from the master fields, one needs to develop the notion of observables ff, namely functional of the locally-defined master fields 
that are invariant under both gauge transformations and re-orderings. The construction of such functionals introduces various 
geometric concepts into the theory, such as flat connections, covariantly constant sections (going into decorated Wilson loops), 

equivariantly closed forms (used to define homotopy charges) and metrics (that yield minimal areas of closed cycles). 

*Here we are focusing on the models containing spacetimes with Lorentzian signature and negative cosmological constant; 

for other signatures and signs of the cosmological constant, see II42I . 
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where the maps r , vr , vr and f are defined by d o (r, vr, vr, f ) = (r, vr, vr, |) o d ancj^ 

{ya,ya]Za,Za) = {-ya^Va, -Za, Za) , 7r{f -k g) = 7r{f) -k TT{g) , (D.9) 

{ya,ya]Za,Za) = {ya, -IJa, Za, -Za) , 7f (/ * 5) = Vf (/) ★ Vf (5) , (D.IO) 

T {ya,ya]Za,Za) = {iya, Wa, -iZa, -iZa) , ^{f i< g) = {-1)^^ T{g) k T{f) , (D.ll) 

{ya,ya,Za,Za)^ = {iJa, Va] Za, Za) , {f * 9)^ = {-'^V'^ 9^ * P ■ (D.12) 

The r-projection removes all terms that are associated with the unfolded description of spacetime fermions 
as well as spacetime bosons with odd spin. 

The full equations of motion for the minimal bosonic model with the simplest interaction freedom 
amount to the statement that the full curvature F = dA + ^ ★ ^4 is proportional to ^ , viz F + ^-k J = , 
via a deformed symplectic two-form J that is a defined globally on correspondence space and obeying 
r(J) = - J = Jt and 

dJ = 0, [JJl = 0, (D.13) 

for any / obeying vr7f(/) = / , and where we have defined [/, g]^ = f ^ 9 — 9 * 7r(/) ■ In the minimal 
model, 

J= -l{hdz^ K + hdz"^ R) , (D.14) 
where the chiral Klein operators are given in the normal-ordering by 

K = exp(iy°Za) , R = k) = exp{—iy°'za) ■ (D.15) 

The quantities k and R are the Klein operators of the chiral Heisenberg algebras generated by {ya, Za) 
and {ya, Za) ■ The two-dimensional complexified Heisenberg algebra [n, = 1 has the Klein operator 
K = coSi,{TTv * u) , which anti-commutes with u and v and squares to 1 . Hence k remains invariant 
under the canonical SL{2; C)-symmetry that becomes manifest in Weyl order, where the symbol of k is 
thus proportional to the two-dimensional Dirac delta function. It follows that {k, R) is invariant under 
SL{A; C) X ^(4; C) , which is broken by dz^ and dz'^ down to a global GL{2; C) x GL{2; C) symmetry 
of the Vasiliev system, generated by diagonal SL{2; C) x SL{2; C) transfomiations and the exchange 
{ya, Za) ^ {iza, —iya) ■ The latter symmetry is hidden in the formulation in temis of differentials on 
Z-space while it becomes manifest in the deformed-oscillator formulation. 

By making use of field redefinitions $ — > XF with A € M , A 7^ , the pai'ameter 5 in J can be taken 
to obey 

\b\ = 1, arg(6) G [0,7r] . (D.16) 



^The rule (/ * g)^ ~ * holds for both real and chiral integration domain. 
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The phase breaks parity except in the following two cases: 

Type A model (parity-even physical scalar) : b = 1 , (D-17) 

Type B model (parity-odd physical scalar) : b = i . (D.18) 

The integrability ofF + <I>*J = implies that -k J = 0, that is, = , where the twisted-adjoint 
covariant derivative = d<I> + ^ ★ $ — <I> * t^{A) . This constraints is integrable since 

1)2$ = F*^ - FirTT{^) = -<^*J*<^ + ^*Tr{^)*J = 0, (D.19) 

using the constraint on F and (ID.13b . 

Thus, in summary, the unfolded system describing the minimal higher-spin gravity with simplest 
possible interaction term, is given bj^ 

F + $*J = 0, D<i> = 0, dJ = 0, (D.20) 

F = dA + A*A, D<^ = d<^ + [A,<P]^ , (D.21) 

and the kinematic constraints ID.8I which imply [vl, J]^ = = [<I>, J]^. The integrability is manifest 
in as much as the associativity of the ^^r-product in manifest. The integrability implies the Cartan gauge 
transformations |^ 

6,A =De, 6,^ = - [e, ^>]^ , (D.22) 

for zero-foiTn gauge pai^ameters e{X, P, Z;Y) obeying the same kinematic constraints as the master 
one-form, i.e. r(e) = — e and (e)^ = — e. The closure of the gauge transformations reads 

[6ei,6e2] = (^£12, ei2 = [ei,e2]*, (D.23) 

defining the algebra f)s(4) . 

The symbols of the Kleinians are distributions on the doubled twistor space whose precise form 
depend on the choice of ordering scheme (that can thus be adapted to different physical problems); for 
example, in overall Weyl order they localize to Dirac delta functions (that are useful in trace calculations) 
while in overall normal order they become Gaussians (that are useful in perturbation theory). 

The singular nature of the Kleinians implies that the source term <I> ★ J cannot be absorbed into a 
field redefinition ll36l . Moreover, upon projection of the full equations to a Lagrangian sub-manifold 
of the universal phase space, say = 0, which can be obtained in an expansion in the zero-form, the 

*The format applies also to Yang-Mills extended or supersymmetric models; for example, see II53II54||55| . 

'These transformations are the canonical transformations of the ^-product algebra generated by (ID.2t containing the diffeo- 

morphisms of Lagrangian submanifolds of the unifold. 
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twistor-space source term induces nontrivial albeit perturbatively defined deformations of tlie generalized 
curvatures dA + A-kA and = d^ + A-k^-^-kTr{A) of the ()s(4)-valued connection A = A\z=p=o 
and the twisted-adjoint zero-form $ = ^\z=p=o- Upon further weak-field expansion around large spin- 
two gauge fields, i.e. vierbein e""^ and Lorentz connection {uj°'^ ,0'^^), the deformations contain the 
canonical linearized source terms for unfolded Fronsdal tensors in accordance with Vasiliev's central 
on-shell theorem. 

In other words, the Vasiliev system contains a set of nontrivial equations of motion for perturbatively 
defined Fronsdal tensors. The full system contains, however, various other moduli that have either prob- 
lematic or no description in terms of Fronsdal fields, such as classical solutions with degenerate vierbeins 
and topological degrees of freedom contained in the internal connection Aa ll42l . 

Over and above their fomial Cartan integrability, the Vasiliev equations exhibit the following more 
powerful integrable structures: 

• The Maurer-Cartan integrability facilitates the explicit construction of solutions using gauge func- 
tions |l56l|42l|57l|58l[39l and the formal construction gauge-invariant observables ll44l : 

• The zero-forms Sa '■= Za — 2iAa and Sa ■= Za — 2iAa the following generaUzation of Wigner's 
deformed oscillator algebra with local anyonic deformation pai^ameter <I>, viz. 



which one may also think of as describing the deformation of the symplectic structure on a sub- 
manifold of complex dimension two of the doubled twistor space (of complex dimension four). 

These properties have been used to construct classical solutions in ||59ll60ll42ll4n[39l . for perturba- 
tive calculations of the twistor-space vertices P{W; ^) and J{W, W; $) in ll54l and direct verification 
of the conjectured correspondence between Vasiliev's four-dimensional higher-spin gravities and three- 
dimensional conformal field theories ||47]|48l, first in 11611 at the level of cubic scalar self-couplings, and 
recently for the complete cubics in P9ll50l . 
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